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M& dau va bbi canh
Sy Chuyén Dich T Phan Loai Nhi Phan Pén Pa Ldp

Trong bdi canh phét trién ciia tri tué nhan tao va hoc méy hién dai, bai toan phén loai (classification)
déng vai tro trung tam, 1a nén tang cho vo sb ting dung tit nhan dién hinh dnh y té dén x 1y ngdn ngit tu
nhién. Trong khi cdc m6 hinh so khai nhut Perceptron hay Hbi quy Logistic (Logistic Regression)
da giai quyét hiéu qua bai todn phan loai nhi phan (binary classification) - noi khéng gian dau ra
chi giéi han trong hai trang thai déi ngau {0,1} - nhu cau thyc té doi hdi kha ning xit Iy cdc kich ban
phtic tap hon véi s6 lugng 16p K > 2.

Hbi quy Softmax, hay con dugc goi 14 Hdi quy Logistic Pa thitc (Multinomial Logistic
Regression), khong chi 14 mot sy md rong don thuan vé mat ky thuat ctia Hdi quy Logistic, ma con
dai dién cho mot budc nhay vot trong viéc moé hinh héa phan phdi xac suat trén céc bién bién thién roi
rac. Duya trén tai liéu tham khdo 1 va 1, blog nay sé tuan theo dong chdy tu duy tir viéc xay dung mo
hinh, dinh nghia ham muc tiéu, dén cac k¥ thuat t6i wu héa, nhung sé di sdu phan tich & cap do vi mod
cia todn hoc va ky thuat tinh toan.
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Ban Chit Cua Bai Toan Phan Loai Pa Lép

Khéc véi bai todn hoi quy tuyén tinh noi dau ra la mot gia tri thuc lién tuc y € R, bai todn phan loai
da 16p yéu cau mo hinh phai dua ra dy doan thudc vé mot tap hop hitu han céc 16p C = {1,2,..., K}.
Mot thach thitc 16n dat ra 1 lam thé nao dé 4nh xa céc dau ra tho (logits) tit mot mé hinh tuyén tinh
— von c6 mién gia tri (—oo, +00) - sang mot khong gian xac suat hgp 18, noi téng cac thanh phan bang
1 va mdi thanh phan déu khéng am.

Chuyén déi Logits thanh Xac suat

Ap dung Ham
M

X&c suat Hau
nghiém

Logits thé

Chuan héa

Ham Softmax gidi quyét vin dé nay bang céch tan dung tinh chdt ctia ham mii (exponential
function) dé dam bao tinh duong, v co ché chuin hoéa (normalization) dé ddm bao téng bang don vi.
Diéu ndy cho phép ching ta dién gidi dau ra clia mang nd-ron nhu 1a x4c sudt hau nghiéem P(y =
k|z).1 Su chuyén d6i nay khong chi cé ¥ nghia vé m#t todn hoc ma con cung cap kha ning dién giai
(interpretability) cho mé hinh, cho phép céc ky su danh gid do tin cdy (confidence) ctia dy doan.
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1 Mo Hinh Héa Toin Hoc: Tir Logistic Pén Softmax

1.1 Hbi Quy Logistic: Nén Tang Ctia Phan Loai

Pé hiéu sdu vé Softmax, trudc hét can xem xét lai Ho6i quy Logistic. Vi bai toan phan loai nhi
phén, ta mo6 hinh héa xéac suat ciia 16p duong tinh (y = 1) thong qua ham Sigmoid o(z2):

2.0 T

10

0.5

predicted probability of pass

studying hours

Trong d6 z = wlx + b 1a t6 hgp tuyén tinh ciia cac dac trung dau vao. Ham Sigmoid nén z vao
khoang (0,1), va ta ngam dinh ring P(y = O|z) = 1 — P(y = 1|z). Diéu nay hoat déng tét vi chi cé
mdt bac tu do trong phan phdi xdc suat nhi phan. Tuy nhién, khi s6 16p K tang lén, viéc sit dung C bd
phén loai nhi phan doc 1ap (chién Iuge One-vs-Rest) s& gap van dé ve viée cac x4c suat khong cong lai
bang 1, gy khé khin cho viéc so sanh truc tiép giita céc 16p.

1.2 Xay Duyng M6 Hinh Softmax (Model Construction)

Trong Hoi quy Softmax, thay vi mot dau ra vo huéng, mé hinh duy tri C' dau ra riéng biét, tuong ting
v6i diém sb (score) hogc logit cho mdi 16p.

“ Q—e—~@
Zj

wo;: biases, don't forget!
d: data dimension

C': number of classes

x € R+

W e R(d+1)xC

2z =wix

z=W7Tx e R®

a; = sigmoid(z;) € R

0<a; <1
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Gia st dit ligu dau vao = € R? (hodic R™), va c6 C 16p. M6 hinh sé cé mot ma tran trong s W € RIxC
va vector bias b € R®. Qud trinh tinh todn xudi (forward pass) bat dau bang phép bién d6i affine:

2=WTz +b

0 day, z € R 1a vector logits. Thanh phan z; bidu thi mitc dé ”tu tin” chua chudn héa ctia mé hinh
déi véi viee dau vao x thudc vé 16p 4. Gia tri z; cang 16n, kha niang x thuodc 16p i cang cao. Tuy nhién,
2z; khong bi chin va khong thé ding truc tiép lam xac suét.

1.3 Dinh Nghia Ham Softmax

Ham Softmax S :\RC — RY thue l}ién phép chiéu vector logits z vao simplex xdc suat (C — 1)-chiéu.

Coéng thitc cho phan t thit 7 ciia dau ra Softmax la:
e

Ham nay dam bao hai tinh chat tién quyét ctia phan phdi xac suat:

Ui = S(z) = véii=1,...,C
1. Duong tinh (Positivity): e* > 0Vz; € R, do d6 g; > 0.

2 , . . . C ~ ch:1 e
2. Chuan héa (Normalization): >, , 4; = - =

25:1 e’

Mbi Lién Hé V&i Vat Ly Théng Ké Mot géc nhin sdu sic hon vé Softmax dén tit Vat 1y thong
ké, noi ham nay tuong duong v6i Phan phdi Boltzmann (hogc phan phdi Gibbs). Trong ngit canh do,
z; déng vai tro 1a ning lugng Am ctia mot trang thai (E; = —z;), va mau s6 Y e% chinh 1 ham phan
hoach (partition function) Z. Nhiét do T thusng dugdc gid dinh bang 1 trong hoc may cd ban, nhung cé
thé duoge dua vao dudi dang /T dé diéu chinh d6 "mém” ctia phan phdi — mot ky thuit quan trong
trong Knowledge Distillation va Reinforcement Learning. (Theo Wikipedia)

1.4 So Sinh Cau Triic: One-hot Encoding

Dé hudn luyén mé hinh, ta can so sanh dau ra du dodn § (vector xdc suit) véi nhan thuc té 3. Nhan
thue té thusng duge cung cap dudi dang s6 nguyén (vi du: y = 2 cho 16p "meéo”). Dé dong bd héa khong
gian biéu dién, ta sit dung k§ thuit One-hot Encoding.

Mot vector one-hot y € {0, l}c duge dinh nghia 14 vector ¢6 duy nhit moét phan ti bang 1 tai vi
tri tuong tGng véi 16p ding, va bang 0 tai moi vi trf khéac. Vi du véi C = 3:

Mot vector one-hot y € {0, 1} dugc dinh nghia 1 vector c6 duy nhdt mot phan tit bang 1 tai vi
tri tuong tGng véi 16p ding, va bang 0 tai moi vi trf khéac.Vi du véi C = 3:

e Lép 0 —y=[1,0,07
e« Lop1 —y=10,1,07

e Lép2—y=1[0,0,1]T


https://en.wikipedia.org/wiki/Softmax_function
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Béang dudi day tém tat su khac biét vé cau tric dit liéu gitta Hoi quy Logistic va Softmax:

Bang 1: So sanh Hoi quy Logistic va Hoi quy Softmax

Pic Piém Hbi Quy Logistic (Binary)  Hbi Quy Softmax (Multi-class)
S6 lugng 16p (C) C =2 (0 hodc 1) C>3
Ham kich hoat Sigmoid o(z) = H% Softmax fzeizj

Pau ra m6 hinh  Mat gia tri vo huéng § € (0,1)  Vector § € (0,1)¢, téng bang 1

Biéu dién nhan  S6 v6 huéng y € {0, 1} One-hot Vector y € {0,1}¢
Ham mat mét Binary Cross-Entropy Categorical Cross-Entropy
S6 tham sb d+ 1 (1 vector trong sb + bias) C(d+ 1) (ma tran trong sd + bias vector)

2 Phan Tich Tinh On Dinh S6 Hoc (Numerical Stability)

Trong 1y thuyét todn hoc thuan tiy, ham Softmax hoat déng hoan hio véi moi gid tri z € R. Tuy
nhién, trong moi trudng tinh todn sé (nhu mdy tinh st dung chuan IEEE 754), viéc cai dit truc tiép
cong thitc % tiém an nhig rii ro nghiém trong vé do chinh xdc va kha ning thuc thi. DAy 1a mot

chii dé duge nhan manh trong 1 va céc tai litu ky thuét.

2.1 Van Dé Tran S6 (Overflow) va Dugi Tran (Underflow)

Ham mi e* tang trudéng cuc ky nhanh.

« Overflow: Néu mot phan tit z; c6 gid tri 16n (vi du z; = 1000), e'% s& vugt qua giéi han biéu
dién ciia kiéu dit liéu float64 (gidi han khoang 1.8 x 103%%). M4y tinh sé tra vé inf (0o - vo cling).
Khi dé, ca tit s6 va mau sb deu 1a inf, ddn dén két qua nan (Not a Number) cho phép chia. Diéu
nay lam héng toan bd qud trinh huan luyén.

o Underflow: Néu z; 1a mot sé &m c6 tri tuyét doi 16n (vi du z; = —1000), e sé& bi lam tron vé 0.
Néu tat ca cdc z; déu rat nhd, mau sd Y €% sé tién ve 0, dan dén 16i chia cho 0 (ZeroDivisionError)
hodc két qua khong xéc dinh.

2.2 Giai Phap: Softmax On Dinh (Stable Softmax)

Dé khic phuc, ta st dung tinh chit bt bién véi phép tinh tién (translation invariance) ctia ham
Softmax. Néu ta cong hodc trit mot hang sé C' vao tat cd cdc phan ti clia vector dau vio z, phan phoi
xéc suat dau ra khong thay doi.

Chitng minh:

Gia sit 2/ = z — C (trit hang s6 C vao mdi phan tir). Khi do:
zi—C zi . ,—C zi . ,—C 2
e e -e e* -e _ e _ S(2);

8 Z, Z - = —
( ) Z] — 1K€ijc Zjl'(:l(er . 6_0) 6_0 . ZJI(:I e Zf:l e%i
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Ky thuat tiéu chuan ("The Max Trick”) 14 chon C' = max(z). Khi d6, vector logits méi 2’ sé cé:

o Phan tit 16n nhat bang 0 (Zmaz — Zmaez = 0), dan dén € = 1.

« Tt c& céc phan tit con lai déu < 0, dan dén €% € (0, 1].

Hé qua:

1. Tt s6 vA mau sb ludn chita it nhat mot phan tit bang 1 (tit phan ti 16n nhat), do dé mau sb luén
> 1, loai bé hoan toan kha nang chia cho 0 (Underflow mau s6).

2. Khéng cé gia tri mii nao vugt qui e = 1, loai bo hoan toan kha nang tran sé duong (Overflow).

2 0 o~ A N N £ A N , N , ,
3. Céc gia tri z; rat nhd sé c6 €% ~ 0, nhung dieu nay chap nhan dugc vi ching khéng déng gép
dang ké vao tong va xdc suat dau ra sé xap xi 0 mét cach chinh xéc.

2.3 LogSumExp Trick

Khi tinh toan log-likelihood (thudng diing trong ham mat mét), ta can tinh log(>_ e*). Viéc tinh tong
mil 16i méi lay logarit cling gap van dé s6 hoc tuong tu. K thuat "LogSumExp” két hgp phép trit max
vao trong qua trinh tinh toan log:

log Zezﬂ' = log Zezﬂ'_c-ec = log eC-Zezﬂ'_C =C +log Zezj_c
J J J J

Véi C' = max(z), cong thitc ndy ddm béo su 6n dinh tuyét dbi khi tinh ham mat mét.
Day 13 1y do tai sao céc thu vién nhu PyTorch cung cip ham LogSoftmax hoic tich hgp san trong
CrossEntropyLoss thay vi khuyén khich ngudi ding tut tinh Softmax roi Log,.

3 Ham MAt Mat Cross-Entropy (Cross-Entropy Loss)

3.1 Tu Nguyén Ly Uéc Lugng Hop Ly Cuc Dai (MLE)

Muc tiéu clia viéc hudn luyén mo hinh 13 tim ra bd tham s6 0 = {W, b} sao cho xac suat mo6 hinh gan
cho nhan ding 1a cao nhat. Gia sit tAp dit liéu hudn luyén gdm m mau doc lap {(z, y(i))}ﬁl. Ham
hop 1y (Likelihood function) duge dinh nghia la:

m
NOES | RORID
i=1
Dé thuan tién cho viéc téi wu héa (bién phép nhan thanh phép cong) va tranh underflow s6 hoc khi
nhan nhiéu xac sudt nho, ta téi da héa ham Log-Likelihood:

m
0(0) =log L(0) = Y _log P(y""|2";0)
i=1
Trong bai toan téi uu héa, ching ta thudng lam viéc véi viée téi thiéu héa ham mat mat (loss

function). Do dé, ta dinh nghia ham mat mat J(#) 14 4m ctia Log-Likelihood trung binh (Negative
Log-Likelihood - NLL):

1 & N
0) = —— N oo P(y®|2®-
10) = 1 3 log P41 50)

Day chinh 13 nguon gbc clia ham mat mat Cross-Entropy trong ngit cdnh hoc may.
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3.2 Mbéi Lién Hé V6i Ly Thuyét Théng Tin (Information Theory)

Cross-Entropy (Entropy chéo) gitta hai phan phdi x4c suat p (thuc té) va g (du doan) duge dinh nghia
la:

H(p,q) = =Y _ pl(x)logq(x)
€T
Trong bai todn phan loai c6 gidm sat:

o p(z) 1a phan phdi clia nhan thuc té y. Vi y 14 one-hot vector, p(z) = 1 tai 16p ding va 0 tai cdc
16p khéc.

e ¢(z) 13 phan phdi du doan § tit mé hinh Softmax.

Do dé, Entropy chéo cho mdét mau dit liéu don 1é tré thanh:

K
H(y,5) == yxlog (i)
k=1

Vi y 14 one-hot, chi ¢6 thanh phan yg,get = 1 khéc khong, cong thiic rit gon thanh:

Diéu nay hoan toan trimg khép véi cong thitc NLL thu duge tit MLE. Viéc t6i thiéu héa Cross-
Entropy chinh 14 1am cho phan phdi du dodn § cang gidng phan phéi thic té y cang tot (titc 1a gidm
thiéu khoang cdch Kullback-Leibler Dy (y||9))

H(ya Q) = - log(gtarget)

3.3 Tai Sao Khong Dung Mean Squared Error (MSE)?

Mot cau héi thuong gip (va duge dé cap trong 7) 1a tai sao khong ding MSE (L = %Hg) —9]|?) cho bai
toan phan loai. C6 hai Iy do chinh:

1. VAn dé Léi (Convexity): Khi két hgp MSE véi ham kich hoat phi tuyén nhu Softmax, ham mat
mét tao thanh bé mit 16i khéng 16i (non-convex), chita nhiéu cic tiéu dia phuong (local minima).
Diéu nay lam cho thuat toin Gradient Descent d& bi mac ket va khong tim dugc nghiém tbi wu
toan cuc. Ngudc lai, Cross-Entropy két hgp vdi Softmax 1& mot ham 16i (convex function) déi véi
logits z, ddm bao tinh héi tu tét hon.

2. Triét Tiéu Gradient (Vanishing Gradient): Khi du dodn ctia mé hinh sai léch 16n so véi thuc
té (vi du: nhan 13 1 nhung dut doan gan 0), dao ham ctia MSE chita thanh phan o’(z) sé tién ve
0 rat nhanh (saturation), lam cho qud trinh hoc bi dinh tré. Trong khi d6, Cross-Entropy cé dic
tinh tu diéu chinh gradient: sai s6 cang 16n, gradient cang manh, gitip mo6 hinh thodt khéi trang
thai sai lam nhanh chéng.
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»

4 Pao Ham va Tb6i Uu Hoéa

Starting here

.,

Loss

We want to get

AN
X

Welgh’rs

Phan nay sé trinh bay chi tiét cdc budce tinh dao ham (Backpropagation) cho Hoi quy Softmax. Day 1a
no6i dung ¢t 16i va can duge dién giai tuong tan dé hiéu co ché cAp nhat trong sb.
Ta can tinh gradient ctia ham mat méat L doéi véi logit z;, ky hicu 1a %. Ap dung quy tic chudi

(Chain Rule):
oL 8yj
8,21 Z 8y] 0z;

Luu ¥ rang L phu thudc vao toan bd vector ¢, va mdi phan ti 9; lai phu thudc vao toan bo vector z
(do mau s6 clia Softmax chita tong cic e*). Do d6 ta phai ldy tong theo j.

Buéc 1: Pao Ham Cta Loss Theo § Véi L = — Zle Yk log(7r), ta co:

oL _ yj
09 ¥j

Bu’(’jc 2: Pao Ham Cua Softmax (Ma Tran Jacobian) Ta can tinh g—y;z. Ham Softmax: g; =

Zkl CPEt D =30 e

« Truong hop 1: i = j St dung quy tic thuong (quotient rule):

O _ (%) X — e ()
3Zi N 22

Vi dao ham ctia 3~ e theo z; chi c6 s6 hang e 1a khac 0, nén () = e%.

aY; efiy) — efigti e* e* ~ R
92 52 5 ( 5 ) g1 = 5i)

e Truong hop 2: i # j
0y;  (e%) X —e% - (B)

azi 22
Vi dao ham cia e% theo z; 1a 0 (v6i i # j), ta cé:

09; 0 —e%er  ef e N
0 x2 3w Y
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o Tong hop:Stt dung ky hiéu Kronecker delta (§;; = 1 néu i = j, ngugc lai bang 0):

ag; . .
87;1' = 95(0i; — Us)

Day chinh 13 cdc phan tit ctia ma trdn Jacobian ctia ham Softmax. Ma tran niy doi xitng va phu

thudc vao chinh gia tri dau ra.

Budc 3: Két Hgp (The Beautiful Cancellation) Thay thé két qua tit Budc 1 va Budc 2 vao

cong thitc chudi ban dau:
K

8L_ Yj e
azi—z< z)j> 9§ (5ij — i)

Jj=1

== 7 =1"y;(5ij - §i)

K
= - Zj = 15y;6,; — Zyj@?i
=1

Phan tich hai sé hang trong ngoac:

1. Zszl y;0;: Chi khi j =4 thi 6;; = 1, cac s6 hang khac bang 0. Vay tong nay bang y;.
2. ZJKZI Yili = Ui Zszl y;: Vi y 1a vector one-hot xdc sudt, > y; = 1. VAy téng nay bang g;.

Két qué cudi cung:

Duéi dang vector hoa:

VZL:Q—Z/

Day 1a mot két qua toan hoc quan trong trong hoc sau: Gradient cia ham mat mat Cross-Entropy
qua tang Softmax chinh 1& hiéu s6 gitta du doan va thuc té (prediction error). Diéu nay gidi thich tai
sao su két hop Softmax + Cross-Entropy lai hiéu qua: sai s6 cang 16n, gradient cang 16n, téc d6 hoc
cang nhanh, tranh dudgc hién tugng bao hoa gradient ma MSE gap phai.

Cap Nhat Trong S6 (Weight Update) Sau khi cé gradient theo logits § = § — ¥, ta lan truyén
ngude dé tinh gradient cho trong s W va bias b:

oL 0L 0z R T

ow = 0. ow WY
oL _

Quy téc cap nhat Gradient Descent (v6i téc d6 hoc 7):

WeW-—n-2(j-y)’
b<b—n-(J—y)

10
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5 Phan Tich Hinh Hoc: Ranh Gidi Quyét Pinh

5.1 Tinh Tuyén Tinh Ciéia Ranh Giéi (Linear Decision Boundaries)

Mic du ham Softmax 1a phi tuyén, Hdi quy Softmax (trong dang co ban khong c6 16p an) 1a mot bo
phan loai tuyén tinh (Linear Classifier). Diéu ndy cé nghia 13 cdc dudng ranh gidi phan chia cic 16p
trong khong gian diic trung 13 cdc duong thing (trong 2D) hodc siéu phing (trong khong gian chiéu
cao).

o Decision boundary - Heatmap

15
1.0

0.5

g oo
-0.5
-1.0
-15

_2'22.0 -15 =10 =05 0.0 0.5 10 15 2.0

I

Chirng minh:
Ranh giéi quyét dinh giita hai 16p bat ky i va j 14 tidp hop cic diém = ma tai &6 mo6 hinh ludng lu
gitta hai 16p, titc 13 xéc suat du doan bang nhau:

Py =ilz) = P(y = j|z)

T
ewiTx—l—bi Wi z+b;

Spet e

Khit mau sé chung va lay logarit tu nhién hai vé:

w?x%—bi:wfx—i-bj

(wi — wj)Tl‘ + (bi — bj) =0

Phuong trinh trén c6 dang w'’z + 8 = 0, day chinh xdc 1a phuong trinh cfia mot siéu phing
(hyperplane). Diéu nay khéng dinh rang Hoi quy Softmax chia khéng gian dic trung thanh cic ving
tuyén tinh.

11
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5.2 So Db Voronoi Téng Quat

Céc ving quyét dinh cia Hdi quy Softmax tao thanh mét so do Voronoi tong quat héa. Mbi vimng 16
(convex polytope) dai dién cho mot 16p, nai diém s6 (logit) ctia 16p d6 cao hon tat ca cac 16p con lai.
Diéu nay c6 ¥ nghia quan trong: Hoi quy Softmax chi c6 thé giai quyét cic bai toan ma dit liéu phan
tach tuyén tinh (linearly separable). Dé6i véi dit liéu phiic tap (vi du: bai toan XOR, dit liéu dang xoan
b¢), ta bt budc phai st dung Feature Engineering hoic Mang No-ron nhiéu 16p (Deep Neural Networks)
dé bién ddi khong gian dic trung trude khi dua vao 16p Softmax cudi cling.

12
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6 Trién Khai Code

Viéc trién khai Hoi quy Softmax doi héi sy chii y ddc biét dén hiéu nang (vectorization) va d én dinh
(stability). Dusi day 1a su so sanh va huéng dan trién khai trén hai nén tdng phé bién: NumPy (cho
hiéu biét nén tang) va PyTorch (cho tmg dung thuec té).

6.1 Trién Khai Bing NumPy (Vectorization Stability)

Dua trén nhiing gi da trinh bay va viéc trién khai can xit Iy trén ma tran (batch processing) dé tan
dung sttc manh cia BLAS/LAPACK.

Béang 2: So sanh Naive Softmax va Stable Softmax

Pic diém Naive Softmax Stable Softmax
Cong thitic np.exp(z) / np.sum(np.exp(z)) 7z -= np.max(z);
np.exp(z) / np.sumy(...)
Uu diém Don gian, ding dinh nghia todn hoc  Hoat dong 6n dinh véi moi gia tri dau vao

Nhugce diém Dé bi inf/nan khi z > 709 (trong Tén thém chi phi tim max, nhung an toan
chuan float64) tuyét doi

import numpy as np

class SoftmaxRegression:
def __init__(self, n_features, n_classes, 1lr=0.01):
# 8Khi ato otrng 6s 6nh &ngu nhién, bias &dbng O
self.W = np.random.randn(n_features, n_classes) * 0.01
self.b = np.zeros((1l, n_classes))
self.1lr = 1r

def forward(self, X):
nnn
Tinh todn xudi: z = XW + b -> softmax(z)
Input: X (m, d)
Output: y_hat (m, K)

nmnn

z = np.dot(X, self.W) + self.b

# Stable Softmax: Utr di max tca 6mi hang

z_max = np.max(z, axis=1, keepdims=True)
exp_z = np.exp(z - z_max)
y_hat = exp_z / np.sum(exp_z, axis=1, keepdims=True)

return y_hat

13
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def compute_loss(self, y_hat, y_indices):
nmnn
Tinh Cross-Entropy Loss
Input: y_hat (m, K), y_indices (m,) tcha nh&n 8lp (0..K-1)
nmnn
m = y_indices.shape[0] # uLu j: tdsa code bgc (shape &tr &v tuple)
# 4Ly xac &sut ud doan tca 8lp ding: y_hat[range(m), y_indices]
# Thém epsilon d& tranh log(0)
correct_logprobs = -np.log(y_hat[range(m), y_indices] + le-15)
loss = np.sum(correct_logprobs) / m
return loss

def backward(self, X, y_hat, y_indices):

Tinh gradient va &cp &nht tham &s
nnn

m = X.shape [0]

# 1. Tinh gradient tGca Loss theo z: dz = y_hat - y_onehot
dz = y_hat.copy()

# @Tr 1 ati iv tri 8lp dung (udtng dudng y_onehot)
dz[range(m), y_indices] -= 1

dz /= m # Chia cho m 48 &ly trung binh gradient

# 2. Gradient theo W va b
dW = np.dot(X.T, dz)
db = np.sum(dz, axis=0, keepdims=True)

# 3. aCp &anht (Gradient Descent)
self .W -= self.lr *x dW
self .b -= self.lr * db

Ma ngudn trén tich hop céc ky thuit quan trong: trit max dé én dinh ham mil, ding indexing méang
(y_hat[range(m), y_indices]) dé tranh tao ma tran one-hot 16n tén bo nhd (sparse implementation),
va thém epsilon vao logarit.

6.2 Trién Khai Bing PyTorch: CrossEntropyLoss vs NLLLoss

Trong hé sinh thai PyTorch, c6 mot sy phéan chia tinh té nhung cuc ky quan trong vé cdc ham mat mat
lién quan dén Softmax, thudng gy nham lan cho ngudi méi.

Béng 3: Cac ham Loss pho bién trong PyTorch

Ham PyTorch PAu Vao Mong Pgi  Co Ché Bén Trong Khi Nao Dung?

nn.CrossEntropyLoss  Logits  (chua  qua LogSoftmax + NLLLoss Khuyén ding cho da sb bai
Softmax) toan phan loai da 16p. On dinh
s6 hoc nhét.

nn.NLLLoss Log-Probabilities (44 Tinh téng am log x4c suat Dung khi mé hinh c6 16p cubi la
qua LogSoftmax) theo nhan nn.LogSoftmax.

nn.BCELoss X4c suit (dda qua Binary Cross Entropy Chi dung cho phén loai nhi phan
Sigmoid) (Binary Classification).

14
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Tai sao nn.CrossEntropyLoss lai tot hon?

Ham nay thuc hién tinh todn LogSoftmax trong mot budc duy nhat bang ky thuat Log-Sum-Exp
trick da phan tich & Muc 3.3. N6 tranh viéc tinh e* (cé thé rat 16n) rdéi méi tinh log, ma thay vao dé
tinh toan truc tiép trén mién logarit, gitt cho cac gid tri s6 hoc luén nam trong pham vi an toan. Néu
ngudi dung tu cai dat Softmax — Log — NLLLoss, nguy cd gap nan do underflow & budc Log 1 rat cao.

Vi du Code PyTorch chuén:

import torch
import torch.nmn as nn
import torch.optim as optim

# Gia su du lieu
X_train = torch.randn(100, 4) # 100 mau, 4 dac trung
y_train = torch.randint (0, 3, (100,)) # 3 lop (0, 1, 2)

# Mo hinh: Chi can lop Linear, KHONG can Softmax o cuoi
model = nn.Linear (4, 3)

# Ham loss tu dong xu ly LogSoftmax
criterion = nn.CrossEntropyLoss ()
optimizer = optim.SGD(model.parameters(), 1lr=0.1)

; # Vong lap huan luyen
7 for epoch in range (100) :

optimizer.zero_grad()

# Forward: Ket qua la Logits, khong phai xac suat
logits = model(X_train)

# Loss: CrossEntropylLoss nhan logits va class indices (khong phai one-hot)
loss = criterion(logits, y_train)

loss.backward ()
optimizer.step()

if epoch % 10 == 0:
print (f"Epoch {epoch}, Loss: {loss.item():.4f3}")

# Khi du doan (Inference), moi can dung Softmax de lay xac suat
with torch.no_grad():

test_logits = model(X_train[:5])

probs = torch.softmax(test_logits, dim=1)

predictions = torch.argmax(probs, dim=1)

15
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Két luan

Blog nay da trinh bay mét cai nhin toan dién va sau sac ve Hoi quy Softmax, di tit dong luc truc gidc
dén céc chitng minh todn hoc chit ché va ky thuat trién khai tdi wu.
Cac diém cbt 16i can ghi nhé:

o Sy Téng Quat Héa: Softmax 1 su md rong tu nhién ctia Logistic Sigmoid cho da 16p. N6 chuyén
ddi cac diém s tu do (logits) thanh phan phdi xac suat hgp 1é thong qua ham mii va chuan héa.

« Sttc Manh Cua Cross-Entropy: Him mét mat nay, bat nguon tit nguyén 1y MLE va Ly thuyét
théng tin, cung cap do doc gradient manh mé (j — y) ngay ca khi sai sb 1én, khic phuc nhuge
diém ctia MSE trong phan loai.

« On Pinh S6 Hoc La Chia Khéa: Trong thuc té ki thudt, viéc cai dit "Naive Softmax” 14
nguy hiém. Ky thuat "Subtract Max” va ”Log-Sum-Exp” 14 bit budc dé dam bao m6 hinh hoat
dong bén vitng trén phan ciing may tinh.

e Tuyén Tinh Nhung Manh Maé: Mic dit ranh gidi quyét dinh 1a tuyén tinh, Hdi quy Softmax
14 thanh phan khong thé thiéu — 1a "cita ngd” cudi cing — clia cdc mo hinh hoc sdu phtc tap nhat
hién nay (nhu Transformer, CNN), noi cic 16p an chiu trach nhiém bién déi dit liéu phi tuyén
thanh khong gian phan tach tuyén tinh cho Softmax xtt 1.

Théng qua viéc nim viing co ché clia Softmax va Cross-Entropy, ngudi thuc hanh khéng chi hiéu ro

A 3 , oA N N 7 2 v 2 , X X 7 oA v N
"hop den” cia cac thu vién nhu PyTorch ma con c¢6 kha nang chan dodn 16i, toi vu héa hiéu nang va
thiet ke cac kien tric mé hinh mdéi mot cach hiéu qua.
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