Module 5 - Week 1

A Bridge to Linear Regression

TimeSeries Team

Ngay 18 thang 10 nam 2025

I. Simple Linear Regression

1.1 QUIZ
1. Khi thay déi he s6 w, dudng thing sé thay déi nhu thé nao?
(a) Dudng thang dich chuyén song song lén trén hodic xudng dudi.
(b) Duong théng dich chuyén song song theo truc hoanh.
) Do nghiéng ctia dudng thing thay doi.
)

(c
(d) Dudng thang khong thay doi.

2. Khi thay déi hé s6 b, diéu gi x4y ra v6i duong thang?
(
(

a) Do nghiéng clia duong thing thay doi.

)
b) Dudng thang dich chuyén song song.
(c) Duong thing trd nén thang ding.

)

(d) Duong thing di qua gbc toa do.

He s6 w 1a d6 dbc ctia dudng thing y = wz + b. Khi w thay déi, dd nghiéng (géc xoay) clia dudng
thang thay do6i, lam cho duong thing xoay quanh truc tung. He s b 1a hé sd chan (intercept), xac
dinh vi tri dudng thing cit truc tung. Khi b thay déi, dudng thing dich chuyén song song lén hoic

xudng ma khong thay ddi do nghiéng.

Trong bai toan Linear Regression, muc tieu la diéu chinh céc hé s6 w va b sao cho duong théng
y = wx + b ndm gan cac diém dit liu nhat (nghia la tdng sai s6 binh phuong gitta dy doan va gia

tri thiye 1a nho nhat).

1.2 Dao ham la gi?

Y nghia hinh hoc ciia dao ham Gia sit ta vé dudng tiép tuyén véi dd thi ham s6 y = f(z) tai

diém (zo, f(z0)). Tai diém do, ta c6 thé dung mot tam gidc vudng nho bdi:
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e Canh ké nim trén truc hoanh, do dai 1a Ax.
e Canh dbi nam song song véi truc tung, do dai la Ay = f(zo + Az) — f(z0).
e Goc a la goc gitta tiép tuyén va truc hoanh.

Theo dinh nghia lugng giac:

canh k& Az
Khi Az — 0, duong secant tré thanh dudng tiép tuyén, va khi dé:
Ay

. d
tan(a) = fim 30 =G, = '@

tan(a) = canh doi Ay

Dao ham f'(z() chinh la hé s6 géc (d6 dbc) ciia tiép tuyén tai diém doé.

+ Dao ham cho ham lién tuc

Thay doi theoy Ay
Thay d6i theo x Ax

y . DPao ham=

: Ax cén tién vé 0 dé

x A A X ‘ duong tiép tuyén tién

i vé ham f(x) trong ving
1an can tai x
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Vi sao khi Az — 0 thi dudng secant trd thanh tiép tuyén?

Gia stt ta c6 hai diém trén do thi ham y = f(z):
Aw f(@)) & Bla+ A, f(z + Ad))

Duong thing di qua A va B dudc goi la dudng secant, c6 hé s6 goc:

flz+ Ax) — f(x)

Msecant = A

Khi ta giam dan Az, diém B tién gan dén A. Khi dé:
e Hai diém A va B gan nhu trung nhau.
e Dudng secant bit dau xoay quanh diém A.

e Khi Az — 0, duong secant tiém can téi mot vi tri ¢6 dinh — chinh la dudng tiép tuyén
ctia do thi tai A.

Toan hoc mo ta qua trinh nay bang gi6i han:

fio) — 1 TEHAD) = £)

Az—0 Az

K&t luan: Dao ham f/(x) biéu dién dé déc tiic thai (t6c do bién thien tai mot diém), chinh
la hé sb géc ctia dudng tiép tuyén tai diem (x, f(x)).

Luu y: Phan biét phuong trinh dao ham va phuong trinh tiép tuyén

e Phuong trinh dao ham cho ta cong thic tong qudt biéu dién do doc (slope) ciia ham tai moi
diém.
f'(x) = slope ctia tiép tuyén tai (z, f(z))
Vi du: néu f(x) = 22, thi f/(x) = 22. Didu nay c6 nghia I3 tai mdi gia tri z, do doc ciia tiép tuyén
thay déi theo 2z.

e Phuong trinh tiép tuyén lai la phuong trinh ciia mot duong th(ing cu thé: dugce xac dinh tai
mot diém duy nhat (zo, f(20)), c6 do déc f'(x):

y — f(wo) = f'(wo)(x — z0)
Day la phuong trinh tuyén tinh mo ta chinh dudng tiép tuyén tai diém z( trén do thi.

e No6i cach khac:
f'(x) — cong thiic cho “do doc tai moi diém”

y— f(zo) = f'(w0)(x — z0) — dudng thing cu thé tai xg

e Tém lai: Dao ham f/(z) 14 ham dé doc, con phuong trinh tiép tuyén 1a wing dung cia dao ham
tai mot diém cu thé.
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1.3 Ham bac hai va gradient descent

Xét mot diém z1, ta diit cau hdi: Lam thé nao dé tim dugec mot diém xo sao cho f(x2) < f(x1), tic
la tién gan hon téi gid tri toi wu (cuc tiéu)?

A

[

J

\\ d —1 7
-1 J(K2) d _
dx A >0
NI T AT
""-‘—r-r"/ 1
_— : >
xp | [ Xp | [Tl X

Quan sat do thi ctia ham parabol, ta nhan thay:

e Khi 21 ndm bén trai diém cyc tiéu (1 < 0), dao ham f/(x1) mang gia tri Am. Diéu nay c6 nghia
la ham dang gidm theo huéng ting ctia x. Dé tién vé cuc tiéu, ta can tang z, tic la di
chuyén ngugec chiéu vdi diu cia dao ham.

e Ngugc lai, khi 21 nim bén phai diém ciec tiéu (z1 > 0), dao ham f’(z1) duong. Khi d6 ham dang
tang theo hudng ting ctia x, nén dé tién vé cuc tiéu, ta phai gidm z, mot lan nita 1a di nguoc
chiéu dao ham.

T hai quan sat trén, ta c6 thé hiéu mot cach truc giac rang can di ngugc chiéu dao ham dé tién
vé cyc tiéu. Tuy nhién, dé ching minh chat ché hon, ta xét dusi géc nhin dao ham theo huéng
(directional derivative).

(1) Pao ham theo hudng

Goi u € R? 1a vector don vi véi ||u|| = 1. Gia sit ta dang & diém z; vA mudn di chuyén mot budc rat
nhé Az theo huéng ciia vector don vi u, ta phan tdach do 16n va huéng biang

Axr = cu.
v6i € 1a do dich chuyén rat nhé. Khi d6, néu f kha vi tai z;, khai trién Taylor bac nhat cho ta
f(ze+eu) = fla) +eV(z) u + ole) (e —=0).

Dao ham theo huéng u tai z; dugc dinh nghia béi gii han

D, f(x¢) == lim flwe +ew) = f) = Vi(z) u.

e—0t €

N6i cach khac, V f(x;) Tu do toc do bién thién cuc bp clia f khi ta di tit z; theo hudng w.
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Néu Vf(z) = 0 thi Dy f(x;) = 0 véi moi huéng u; day la diéu kien ditng bac nhat (c6 thé la cue
tiéu, cuc dai hodc yén ngua).

(2) Huéng gidm nhanh nhat ctia ham
Ta muén tim huéng don vi w lam f gidm nhanh nhét tai x;, tic 14 nghiém clia bai toan

”II|1|in1 Vf(z:) u.

Theo bat déng thitc Cauchy-Schwarz,

Vi) u = =V f)| ul = =1V f()]-
Dau bing x4y ra khi va chi khi
_ Vi)
IV ()
Vi vay, huéng giam nhanh nhét tai z; chinh 1a hudng nguoc chiéu gradient:
wt = — Vf(l‘t)
IVf (@)

(3) Quy luat cap nhat Gradient Descent
Thay vi budce vo cing nhd, ta dung bude hitu han véi hé sé hoc n > 0:
Tev1 = 1 — NV f(T).
o Vf(z¢) chi hudng tang nhanh nhat cia f; do d6 —V f(z;) 1a huéng gidm nhanh nhéat.

e 7 didu chinh do dai bude: 16n qua c6 thé “vot” khéi ving t6t, nhd qua thi hoi tu cham.

Vi sao budc trén lam f gidm? (dam bao gidm véi n nhd)

Néu f kha vi lién tuc tai x;, thi tir khai trién Taylor:

Flae =V fz) = f(z) — 0| VF(z)l* + o).

Suy ra ton tai 19 > 0 sao cho véi moi 0 < 1 < 19,

f(@e41) < f(ze) khi Vf(ze) #0.

Manh hon, néu f c6 gradient L-Lipschitz (ttc 1& f L-smooth), thi bat ding thiic tron cho ta
f(@ =0V @) < f@) = (n—5n?) IV S @)%

Do d6 chon 0 < 7 < 2 s& ddm béo vé phai nhé hon f(z;) (trit khi V f(z¢) = 0).
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Diéu kién dé Gradient Descent cé nghia

e f(z) phéi lién tuc kha vi (continuously differentiable) trong vimg lan can diém xét.
e Gradient V f(z) phai ton tai dé chi huéng doéc cuc bo.
e Khi d6, phép cap nhat
Te1 = 2 — NV f(71)
dam bao rang véi n di nho, f(zir1) < f(z4).

Tém lai: Gradient chi huéng ting nhanh nhéat cia ham, nén dé giam ham, ta phai di ngudgc
chiéu gradient.

1.4 Case study: Mean Absolute Error

<+ Case study: Mean Absolute Error

fla+h) —f(a)
h

f'(@ = lim

@

(x) = —
f(x)_lxl for x # 0

Cho ham f(z) = |z|. Tai > 0, ta co:

li "(z) = 1.
A )
Tai z < 0, ta co:
lim f(z) = —1.
z—0~

Nhu vay, vi hai gidi han mot bén khong bang nhau, nén ham khéng kha vi tai x = 0. Vé mat
Iy thuyét, ta khong thé 4p dung Gradient Descent tai diém nay vi dao ham khong ton tai, mic dit
x = 0 chinh 13 vi trf t6i wu. Trong thic té, ta xi 1y bing cach cai dat subgradient hoic diing ham
lam tron (nhu Huber) dé c6 thé ap dung t6i wu héa cho cac ham nhu MAE vi MSE.

1.5 Learning rate

Learning rate (t6c do hoc) 1a hé s 1 diéu chinh do 16n ctia mdi bude cap nhat trong thuat toan
Gradient Descent. Néu 1 qua 16n, diém tham s6 6 c6 thé nhay vugt qua cyc tiéu (hinh trai), khién
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qué trinh huan luyén dao dong manh hoic phan ky. Ngudgc lai, néu n qua nhé, viéc cap nhat dién ra
cham, mat nhiéu thoi gian dé hoi tu.

Vi vay, ta can chon learning rate phit hgp dé mo hinh hoi tu 6n dinh vé diém cyc tiéu toan cuc
hodc cyc tiéu cuc bo (hinh phai). Khi quan sat biéu dd loss trong qué trinh huan luyén:

e Néu duong loss gidm cham va di ngang — learning rate dang qua nho.

e Néu loss dao dong hoic tang dan — mo hinh c¢6 thé dang phan k¥, can giam learning rate.

\I/
\
60,000{ T J(0) 60,000 J(0)
<
N \
45,000 : 45,000
—_~ —_
£ 30,000 £ 30000 /‘\Q
15,000 15,000 \\[ L)
0 0
0 05 1.5 2.5 0 05 1 1.5 2.5

Hinh 1: Anh hudng ctia téc d6 hoc (Learning Rate). Hinh trai: learning rate qua lén khién mo
hinh nhay qua cyc tiéu va khong hoi tu. Hinh phai: v6i ham khong [0 (non-convez), learning rate 1én
khién mo hinh bé qua diém t6i wu toan cuc (global optimum) va chi hoi tu dén diém t6i wu cuc bo
(local optimum).

1.6 T6i wu héa ham binh phuong
Cho ham binh phuong f(z) = 22, ta thuc hién cac budc lap nhu sau:
e Khdi tao gia tri ban dau x.

(xy) = 2.

e Cap nhat z bing cach di chuyén ngudc hudéng véi dao ham:

e Tinh dao ham tai diém hién tai z;:

rp1 = 2 — nf' (1)
trong d6 7 1a téc d6 hoc (learning rate).

Qua trinh duge lap lai cho dén khi z; hoi tu vé diém cyc tiéu z* = 0, tiic 1a vi trf ma f/(z*) = 0.

1.7 T6i wu héa ham 2D

Xét ham hai bién:
flzy) =2 +y°
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Ta van ap dung phuong phap Gradient Descent tuong ty nhu véi ham mot bién. Y tuéng la dung
dao ham riéng phan cho titng bién — titc 1a khi tinh dao ham theo z, ta xem y 14 hing s6, va ngudc lai.

of _ of _
or oy
Tai mdi buéc lip, ta cap nhat ting bién theo cong thiic:

2z, 2y

T4l = Tt — 77%(%7 Yt)
e}
Y1 = Yt — 776%(9%7%)
Trong dé 7 1 learning rate (t6c do hoc). Phuong phap nay con dugce goi 1a tdi wu héa tach bién

(coordinate-wise optimization) hoac hiéu theo cach truc quan la “chia dé tri”: ta lan lugt t6i wu
ting bién, trong khi giit cac bién con lai c¢6 dinh.

1.8 Ham hgp va chain rule
Xét hai ham sb:
fro=flx), g:f—=g(f)
Khi d6, ham hdp h(z) duge xac dinh bdéi:
h(z) = g(f(x))
Muyc tiéu 1 tim dao ham ctia h(x) theo z. Theo quy tac day chuyén (Chain Rule):

d _dg df
Dua vao chain rule:
e Bién x di qua ham f dé tao ra gia tri trung gian f(z).

e Sau do, f(z) dugc dua vio ham g dé sinh ra g(f(z)).

e Khi z thay ddi, ca f va g déu thay déi — do d6 ta nhan hai téc do bién thién lai:

. . d d,
toc do thay doi ctia g theo x = ((;) <djarc>

Vi du minh hoa:
fl@)=2c—1, g(f)=f*
Khi dé:
d _dg df _

I @) =G 5o =@N () =4Cz-1)

1.9 Gia dinh ctia m6 hinh hdi quy tuyén tinh

Mo hinh hdi quy tuyén tinh 13 mot trong nhitng cong cu thdng ké pho bién v manh mé nhat, nhung
dé cac két qua udc luong dang tin cay, mo hinh can thoid man mot sé gid dinh co ban. Néu cac gia
dinh nay bi vi pham, cac hé s6 hoi quy, kiém dinh va dy doan cé thé trd nén sai léch hodc khong con
nghia thong keé.
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1.9.1 Gia dinh 1: Tuyén tinh (Linearity)

Y nghia: Méi quan hé giita cac bién doc 1ap X; v bién phu thuoc Y duge gid dinh la tuyén tinh,
duge mo ta béi phuong trinh:

Y =00+bX1+ 05X+ +BpXp+e
Trong do:

e (3;: hée s6 hdi quy, biéu thi mitc thay ddi trung binh ciia Y khi X; ting mot don vi (giit cac bién
khac khong doi).

e c: sai s6 ngau nhién.
Vi du: Gia sit ta dy doan miic dudng huyét (mg/dL) dua trén tusi va BMI:
BloodGlucose = 50 + 0.9 x Age + 2.1 x BMI + ¢
Diéu nay ngu y rang mdi khi BMI tang 1 don vi, mitc dudng huyét trung binh ting khoang 2.1 mg/dL,
néu cac yéu to khac giit nguyén.
Kiém tra: Quan sat bidu dd phan du (residual plot) hoiic scatter plot giita phan du va gia tri du

doan Y. Néu xuét hien dang cong, gid dinh tuyén tinh c¢6 thé bi vi pham. C6 thé khic phuc bing cich
thém céac bién bac hai hosic sit dung mo6 hinh hoi quy phi tuyén.

1.9.2 Gia dinh 2: Khong da cong tuyén (No Multicollinearity)

Y nghia: Cac bién doc lap khong dude c6 tuong quan manh véi nhau. Néu c6, md hinh sé khé xac
dinh anh huwéng riéng ctia ting bién.
Vi du:
Weight = 3y + S1Height + S ArmLength +

Néu chiéu cao va chiéu dai canh tay c6 hé s6 tuong quan r = 0.95, ta gap hién tugng da cong tuyén.
Phat hién: Stt dung Variance Inflation Factor (VIF):

1

VIF; = ——;
1—R?

Néu VIF > 10, cho thiay da cong tuyén manh. Céch xit 1y: loai bé mot bién, hosic gop hai bién tuong
quan cao thanh mot chi s6 téng hop.
1.9.3 Gia dinh 3: Phan du c6 phan phéi chuan (Normality of Errors)
Y nghia: Phan du ¢; = y; — §; duge gia dinh tuan theo phan phdi chuén:
g; ~ N(0,0%)

Vi du: Trong moé hinh du doan huyét ap dya trén tudi va can nang, cac sai s6 nén phan bd doi
xting quanh 0.
Kiém tra:

e Biéu d6 Q-Q plot (Quantile-Quantile).
e Kiém dinh Shapiro-Wilk hodc Kolmogorov-Smirnov.
Khic phuc: Bién ddi bién phu thuoc, ching han:
Y’ =1log(Y) hoic Y' =Y
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1.9.4 Gia dinh 4: Phuong sai khéng déi (Homoscedasticity)
Y nghia: Phuong sai clia sai s6 1a hiing s6 cho moi gia tri ctia X:
Var(g;) = o

Néu phuong sai thay doi theo X, hien tugng nay dudce goi la heteroscedasticity.

Vi du: Trong mo hinh dy doan thu nhap theo s6 nam kinh nghiém, phan du § nhém thu nhap cao
thuong phan tan hon — phuong sai thay doi.

Kiém tra:

e Biéu do phan du so véi gia tri du doan 7.
e Kiém dinh Breusch-Pagan hodic White test.
Khic phuc:
e St dung Weighted Least Squares (WLS).
e Bién déi logarit bién phu thudc.
1.9.5 Gia dinh 5: Khong c6 tu tuodng quan (No Autocorrelation)

Y nghia: Sai s6 clia cac quan sat phai doc lap véi nhau. Néu phan du ¢ thoi diém ¢ ¢6 xu huéng
tuong tuw véi ¢ + 1, mo6 hinh vi pham gid dinh nay.

Vi du: Trong chudi thoi gian, doanh s6 thang nay thuong bi danh huéng béi doanh s6 thang trude
— ¢6 tu tuong quan.

Kiém tra: Durbin-Watson Test:

DW = Z?:z(eg - ‘32t71)2
D oi—1€i

Gia tri DW gan 2 la tot (dao dong trong khoang 0-4).
Khic phuc:

e Thém bién tré (lag variables) nhu Y;_1 hodc X;_1.
e Sit dung mo hinh hdi quy chudi thai gian nhu ARIMA hoac GLS.

0.1 Tong két

Néu bat k¥ gia dinh nao bi vi pham, mo hinh hoi quy tuyén tinh c6 thé khong con phit hgp, v can xem
xét cac phuong phéap thay thé nhu hdi quy phi tuyén, hoi quy robust hodic bién déi dit lieu phit hop hon.

10
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Bang 1: Tém tat cac gid dinh ctia mo6 hinh hoéi quy tuyén tinh

Gia dinh Y nghia Cach kiém tra Khic phuc

Tuyén tinh Quan hé gitta X va Y 1a | Scatter plot, Residual | Thém bién bac hai, log-
tuyén tinh plot transform

Khong da cong | Cac bién doc lap khong | VIF Loai bién, gop bién,

tuyén tuong quan manh PCA

Phan phdi chuan | Sai s6 c¢6 phan phéi | Q-Q plot, | Log-transform, robust

phan du chuan, trung binh 0 Shapiro-Wilk model

Phuong sai khong | Phan du c¢6 phuong sai | Residual vs fitted plot Weighted least squares

déi on dinh

Khong tu tuong | Sai s6 doc lap theo thdi | Durbin—Watson test Thém bién tré, moé hinh

quan gian ARIMA

II. Problem Solving

2.1 Solution cho van dé 1 — Ham chi c6 mét bién a

Xét ham mot bién:
fla) =ax
Nhu da thao luan & phan trén, ta chi can thyc hién ba buéc:
1. Khéi tao gia tri ban dau cta a.
2. Tinh dao ham theo a: % = .
3. Cap nhat gia tri a theo quy tac: "

Q41 = Q¢ — 77%

2.2 Solution cho van dé 2 — Ham c6 thém bién b

Xét ham ¢6 bién b:
Fb) = +b

Ta cting thuyc hién tuong t:
1. Khdi tao b.
2. Tinh dao ham theo b: ¥ =1.
3. Cap nhat b theo huéng nguge véi dao ham:

df

bt+1 = b — 77%

11
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2.3 Solution cho van dé 3 — Ham c6 ca hai bién a va b

Xét ham hai bién:

fla,b) =azx +b
Ta khdi tao dong thoi hai tham s6 a va b, sau d6 tinh dao ham riéng phan cho ting bién:
of . or
da "’ ob

va cap nhat ting bién doc lap:

t+1 = Qg — ﬁ%
biy1 = by — 77%

Nhu vay, ta dd md rong tit bai toan 1 bién sang nhiéu bién bang cach dao ham va cap nhat ting
tham s6 rieng biét.

III: Towards Linear Regression

3.1. Bai toan hai samples

Xét ham tuyén tinh:
fla,b) =az +b
v6i hai cgp dit lieu mau:
('xl?yl) = (_27_1)7 (3327y2) = (57 13)

Muc tiéu la tim gid tri a, b sao cho ham f(a,b) tiém can t6t nhét v6i cac gia tri thuc y;.
Quy trinh tbi vu:
1. Khéi tao gia tri ban dau cho a,b (vi dua =0, b =0).
2. V6i mdi sample (z;, y;):

e Tinh gia tri dy dodn: f; =ax; + b

e Tinh sai s6:  g(fi) = (fi — vi)?

3. Dao ham riéng phan:

99 _
b~

0
29— 2(fi - yi)i,

% 2(fi — yi)

4. Cap nhat tham sé:
0,
app1 =ag —ny_; a*g
0
ber1 =be =132, 5¢

v6i n = 0.1 1a learning rate.

12
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2. Cac cach thiic t6i vu héa dwa vao Gradient

Trong thuyc té, khi c6 nhiéu dit lieu (z;,;), ta c6 thé t6i wu theo hai huéng khac nhau:
(1) Cap nhat ting mau (Sample by Sample) hoic

(2) Cap nhat sau khi tinh trung binh Gradient trén nhiéu mau.

Approach 1 — Téi wu theo titng sample (Stochastic Gradient Descent)

e MGbi lan, ta chon mot cap dit lieu (x;, ;).

e Tinh gia tri dy doan f; = ax; + b va sai s6 g; = (fi — )%

e Dao ham riéng phan:
dgi _ dgi df; dgi _ dgi df;

da  df; da’ db — df; db’
e Cap nhat tham sé a, b sau mdi mau:

dg; dgi
a+1 :at—n%, bt+1 th—U%'

Day la phuong phap Stochastic Gradient Descent (SGD), giip mo hinh cap nhat nhanh va cé
thé vuot qua local minima nho tinh “ngdu nhién” clia timg mau.
Approach 2 — Téi vu trung binh nhiéu sample (Batch / Mini-batch Gradient Descent)

e Liy mot nhém (hodc toan bo) N samples dé tinh trung binh Gradient:
1 dg 1 dg; dfi dgz 1 dgz dfz
Ni da_NZ(df da) Z Z df; db
e Sau d6 cap nhat a, b cing lic bang trung binh gradient:

d d
Q41 = Qp — UNZ gz biy1 = 77N Z gi

Phuong phap nay dugce goi 1a Batch Gradient Descent (néu dung toan bo dit lieu) hoic Mini-
batch Gradient Descent (néu chi ding mot nhém nhé cac méau tai moi bude).
So sanh hai phuong phap:

Dic diém Approach 1 (SGD) | Approach 2 (Batch / Mini-batch)
Cap nhat Sau mdi sample Sau khi trung binh nhiéu sample
Téc do cap nhat Nhanh hon, nhiéu hon On dinh hon, cham hon

Do hoi tu Dao dong quanh cuyc tieu Muot, o6n dinh

Tinh ngau nhién Cao Thap

Thao luan md rong: Van dé Normalization
Khi ta thay doéi thang do ctia dau vao z, vi du nhu:

2’ =100z

thi ham tuyén tinh:
fla,b) =az +b

13
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sé trd thanh:
f'(a,b) = a(100z) + b = (100a)x + b
Diéu nay c6 nghia la gia tri dao ham riéng phan theo a ciing thay ddi 100 lan:
af’

—— =100
da v

= gradient trd nén 16n hon gap nhicéu lan, khién qué trinh cap nhat buéc nhay (update step)

of

Q41 = at — 77%

tré nén qua manh hoac tham chi gay phan ky (divergence).
Két luan:

e Viéc thay ddi do 16n ctia input  dnh hudng truc tiép dén gradient, lam thay ddi toc do
cap nhat tham so.

e D& dam bio céac bién c6 ciing “don vi thay d6i”, ta can chuan héa (Normalization) hoic chuan
héa z-score (Standardization):
T —
o

LTnorm =

e Khi dit lieu duge chuan hoéa, gradient sé on dinh hon, gitip mo6 hinh hoi tu nhanh va on dinh.

IV. Multiple Linear Regression in Medical [?]

4.1 Giéi thieu

Hoi quy tuyén tinh boi 1 tdng quat hoa ctia hdi quy tuyén tinh don khi c6 nhiéu hon mot bién du
béo. Néu nha nghién ctu nghi ngd rang két cuc quan tam cé thé lien quan hodc phu thudc vao hon mot
bién dy béo, cach tiép can hoi quy don c6 thé khong phit hop. Khi dé, mot mo hinh hoi quy boi cho
phép xem xét ddng thdi nhiéu bién dy bao cé thé dude sit dung.

Cac tng dung ctia hoi quy tuyén tinh don trong nghién cttu y hoc con han ché, vi trong hau hét
tinh huéng ton tai nhiéu bién dy bao lien quan. Cac ky thuat théng ké don bién nhu hoi quy tuyén
tinh don chi sit dung mot bién dyt bao; ching c6 thé ding vé mit toan hoc nhung lai gay hiéu lam vé
mit lam sang. Hoi quy tuyén tinh bai 1a mot ki thuat toan hoc diing dé mo hinh hoa méi lien hé gitta
nhiéu bién doc lap (du béo) vd mot bién phu thuoe (két cuc). Ky thuat ndy duge dung trong nghién
citu y hoc dé mo hinh hoa dit lieu quan sat, ciing nhu trong cac nghién ctu chan doan va diéu tri noi
ma két cuc phu thudc vio nhiéu yéu t6. Mic dit nhin chung bi giéi han & dit lieu c¢6 thé biéu dién bing
ham tuyén tinh, hoi quy boi hudng lgi tit khung toan hoc phat trién t6t, cung cdp nghiem duy nhat va
khodng tin cay chinh xac cho cac hé s6 hoi quy.

Vi du: trong Hoi quy tuyén tinh don 2, nha nghién cttu kho sat méi lien hé gitta cuong do diéu
tri insulin va mic do céi thién toan hod mau (acidosis) 6 bénh nhan nhiém toan ceton dai thao duong
(DKA). Vigc céi thién toan hoa dudng nhu phy thude vao cusng do insulin, nhung c6 thé con nhidu yéu
t6 quan trong khéac: mitc do ning ban dau ctia dgt DKA, mic do niang bénh nén, truyén dich tinh mach
(IV) v.v. Hoi quy tuyén tinh boi cho phép dua tat ci cdc yéu t6 tiém tang nay vao mot mo hinh, tir d6
uéc lugng chinh xéc hon déng gép ciia ting yéu t6 véi két cuc, 1an mdi lien heé téng thé gitta ching véi
két cuc, va ci quan hé gitta cidc bién duy bdo véi nhau.
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10 + -

0
=

Change in serum bicarbonate
{meg/L) in four hours (z axis)

@k

o 2 ry 8 i0

IV insulin {u/hr) {x axis)
Hinh 2: z = 1z, R? = 1.0. IV = intravenous.

Vé mat so do 3 va 0.1, viec them mot bién dy bao tuong tng véi théem mot “hinh tron” chong lan
len hinh tron ctia bién két cuc; ving chong 1an méi ky higu 1a C (Hinh 1A, 1B). Nhin chung, thém bién
dy béo sé tang phan két cuc duge gidi thich (A + C) va gidm phan sai s6/du (B). Tuy quan hé gitta
hai bién dy béo, hai hinh tron dit bdo c6 thé chdng lén nhau (A va C chdong lan), phan anh mic do du
thita vA cong tuyén trong mo hinh.

Total variation
in the predictor
variable, x

Taotal variation

in the outcome

variable, z

Variation in the outcome
associated with the
predictor variable

Residual variation in the
outcome

Hinh 3: Simple linear regression schematic
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Figure 1a:

Mo collinearity
between predictors
AandC

Figure 1b:
Collinearity between
predictors A and C

Figure 1c:

Predictor D demonstrates
multicollinearity with
predictors A and C

Hinh 4: Multivariate schematics

4.2 M6 hinh héi quy tuyén tinh boi

Mb hinh boi xay dyng trén nén tang ctia hoi quy don; bon gid dinh co ban ctia hoi quy tuyén tinh
don ciing can ding doi v6i hoi quy boi. Bén canh cac khai niém ctia hoi quy don (van phit hgp), ta can
bd sung mot s6 khai niem méi. Dé truc quan, xét truong hop cé hai bién du bao va mot bién két cuc
(téng ba bién), khi d6 c6 thé hinh dung trong khong gian 3D. Vi nhidu hon hai bién dy bdo, nguyén
ly twong ty nhung khé hinh dung hon.

Phuong trinh moé hinh boi (mit phéng hoi quy) vé6i bién két cuc z va hai bién dy bao z,y:

z=kix+kyy+c (1)
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Change in serum bicarbonate
(megq/L) in four hours (z axis)

NS IV fluid {100 cclhr) 0o IV insulin {(u/hr)
[y axis) (x axis)
10 v - v
_|B
4
5 s :
=
£,
b I
=
=
= 1
E
>, ]
2]
=
% 2 4 5 3 10

IV insulin {ufhr) (x axis)

Hinh 5: (A) 2z = 0.5z + 0.5y, R? = 1.0. (B) y = 1x, R;Q)red = 1.0. NS = normal saline; IV = intravenous.
trong d6 ki, ks 1a cac he s6 (do nghiéng theo truc z va y), con ¢ la tung do goc clia z khi z = y = 0.
Vi z 1a ham tuyén tinh theo titng bién dy bdo nén bé mat 1a mdt phdng (khong cong).
Tuong tu hdi quy don, mit phing t6i wu dude wéce luong theo nguyeén 1y bink phuong téi thiéu, bang
céch t6i thiéu hoa téng binh phuong phan du SS;es. Khi dé, van cé:

_ SSieg
B SStot '

SStot = SSreg + SSres, R

Tuy nhién, S5y 6 day la déng gép tong hop clia cd hai bién du béo, va R dudc goi l1a hé s6 tuong quan
boi. He s6 xéac dinh R? cho biét ty lé bién thien ciia z dugc giai thich béi toan bo céc bién du bao trong

) R A+ C S s R
m6 hinh tuyén tinh. Trén so do (0.1), R? = A—i—:ﬁ (phan chong lan chi dugc tinh mot lan).

Trong hodi quy don, kiém dinh ¥ nghia ctia quan hé hdi quy tuong duong kiém dinh ¢ v6i ty sb giita
hé s6 dbc va sai s6 chuan. Trong hdi quy boi, vi ¢6 nhiéu hé s6 dbc, kiem dinh § nghia tong thé dimg
ANOVA dé so sanh déng gép mo hinh véi phan du, diéu chinh theo s6 bién dut bédo va s6 quan sat:

MSreg . SSreg/ktot

F= = :
MSies  SSres/(n — kior — 1)

17
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Néu F du 16n (theo bac tu do phit hop), bac bd gid thuyét khong: mo hinh tuyén tinh boi giai thich
duge mot phan dang ké bién thién ciia két cuc.

4.3 Quan hé gitta cac bién du bao

Khéc biét quan trong gitta hoi quy don va boi 1a: mo hinh boi bao gom ci quan hé tuyén tinh gita
cic bién dy bdo vdi nhau. Nhitng quan hé nay — goi la da cong tuyén (multicollinearity) — c6 thé
anh huéng manh dén hé s6 mo6 hinh va do chinh xéac (SE) clia ching.

4.3.1 Cong tuyén

Trong hinh 2, nha nghién ctu da khao sat moéi lien hé giita cudng do diéu tri insulin tinh mach
(IV) va téc do cai thién tinh trang nhiém toan ceton dai thao dudng (DKA) & hai bénh nhan
tiéu duong. Két qua cho thiy bién du bao va bién két cuc c6 mbi quan hé ty lé thuan: ¢t mdi mot don
vi insulin moéi gio duge truyen, nong do bicarbonate huyét thanh ting them 1 mFEq/L sau bon gio diéu
tri.

Nha nghién ctu sau dé quay lai bo dit lieu va xem xét thém lieu cudng do truyén dung dich
mubi sinh ly (normal saline — NS) qua dudng tinh mach cé lién quan dén téc do hoi phuc DKA
hay khong.

-
=
I

54

0+

(magq/L) in 4 hours (z axis)

Change In serum bicarbonate

IV insulin (u/br) {y axis) ’ Initial respiratory rate
(breathsimin) (x axis)

B &
TF
&t
w
E'R 5
=wm
=
[T § . 1
£
ZE£ 4 4
3
=
2F
1t
(] 5 40 15 20 25 30 35 4D

Initial respiratory rate (breaths/min) (x axis)

Hinh 6: (A) 2 = —0.1x + 1.25y — 1, R? = 1.0. (B) y = 0.2z, Rf)red = 0.25. IV = intravenous.
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Bién két cuc (mic ting nong do bicarbonate huyét thanh sau 4 gid) duge biéu dién dudi dang ham
ctia hai bién dy béo: cudng do truyén insulin v cuong do truyén dich NS, nhu thé hien trong Hinh 2A
(6). C6 thé thay ring, toc do cai thien DKA dutng nhu lién quan dén ca hai yéu to nay.

Trong mo6 hinh hdi quy don ban dau, méi quan hé gitta insulin va cai thién bicarbonate dudc biéu
dién la:

z=1x.

Lieu mo6 hinh c¢6 hai bién du bao ding dan c6 thé la:
z=x+y?

Cau tra 10i 1a khéng. Néu cuong do insulin 14 4 don vi/gio va toc do truyeén dich NS 1a 4 (tinh theo
100 mL/gio), thi gia tri dy do4n clia bicarbonate sé 14 z = 4 + 4 = 8 mEq/L sau bon gio diéu tri —
gap doi so v6i thyc té quan sat (4 mEq/L). Nhu vay, mo6 hinh nay da phdng dai hiéu ting diéu tri.
Mot mo hinh chinh xéc hon sé 1a:
z = %ﬂc + %y

Khi them bién y vao mo hinh, he s6 clia bién z (insulin) gidm 50%, tit 1 con 0.5. Ly do la dit lieu cho
thay c6 hién tugng céng tuyén giita = va y trong mat phang (z,y).

Céc Hinh 2B dén 5B la cac dd thi hai chiéu ctia ciing dit licu nhu trong Hinh 2A-5A, nhung chi thé
hién truc x va y. Cach biéu dién nay gitip quan sat 16 hon méi quan hé gitta hai bién dit bao. Trong
Hinh 2B, c6 thé thiy gia tri y tang ciing véi gia tri 2: bénh nhan duge truyén nhiéu insulin hon ciing
dong thoi duge truyén nhiéu dich NS hon. Hai bién nay cung tang tuyén tinh — mot vi du ciia cong
tuyén duong.

Trong mo hinh hoi quy don (2), toan bo sy cai thign bicarbonate duge quy cho insulin. Nhung trong
mo hinh hodi quy boi (Hinh A 5), mtic cai thién nay duge phan chia déu cho hai yéu té: insulin va NS.
Khi hién tugng cong tuyén xudt hién, do 16n ciia céc hé s6 hdi quy sé thay déi tuy vao bién nao duge
dua vao mo hinh. Khi hai bién ciing ting theo huéng duong, hé sd ciia mdi bién c6 xu huéng gidm —
bdi vi 4nh hudng t6i két cuc phai dude “chia sé” gitta cac bién du bao.

4.3.2 Thi du md rong vé thay déi dau hé sbé

V6i mo6 hinh tuyén tinh don, nha nghién citu gid thuyét ring nhip thé ban dau cao hon cé thé
lien quan dén mic cai thien DKA 16n hon. Trong Hinh 7, dit lieu cho thiy bénh nhan c¢6 nhip thé cao
hon thuc su cai thién nhiéu hon.

Residupl(Res)

Eion (Reg)

Sfpn e e i mwn - - - -

Change in serum bicarbonate
(meg/L} in four hours (z axis)

0 § 10 15 20 25 30 35 40

Initial respiratory rate (breaths! min) (x axis)

Hinh 7: 2 = 0.152 — 1, R? = 0.11.
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Tuy nhién, d mo6 hinh tuyén tinh boi, nha nghién citu nhan ra rang can dua thém cudng doé insulin
vao mo hinh. Hinh 6 minh hoa méi quan hé gita mitc ting bicarbonate huyét thanh va hai bién
du béo: nhip thé ban dau (z) vi cudng d6 insulin (y).

Két qua cho thiy mtc tang bicarbonate van cao hon & bénh nhan dude truyén nhiéu insulin, nhung
thi vi 14, mic cai thieén lai gidm & bénh nhan c6 nhip thd ban dau cao. Nghia 14, dau ctia hé s6 z (liéen
quan nhip thd ban dau) da chuyén tir duong sang am.

Mot lan nita, diéu nay xay ra vi c6 hién tuong cong tuyén duong giita hai bién: nhip thé ban dau
cao hon dong nghia v6i bénh nang hon, va do d6 bénh nhan dude diéu tri insulin tich cyc hon. M6i lién
hé nay dugc thé hién trong do thi giita hai bién z vi y (Hinh 6B). Nhu vay, su cai thién bicarbonate
ting duge quy cho “thé nhanh hon” trong phan tich don bién thyc ra dén tit viéc diéu tri insulin manh
hon. Sau khi phan tich cting bo dit lieu nhung véi hai bién dit bdo thay vi mot, nha nghién citu két luan
ring khong con biang chiing cho thay bénh nhan cé thé tu cdi thién DKA bing cdch tdang nhip thd.

4.3.3 Két luan vé hién tuong cong tuyén

Céc vi du trén minh hoa tac dong ctia cong tuyén va nhiéu déng bién (confounding) giita
hai bién dy bao, duge biéu dién trong s¢ do Hinh 5B, noi hai viing du bao A va C chong lan.

Thuat ngit da céng tuyén (multicollinearity) duge dimg dé mo ta cac hiéu ting cong tuyén tuong
tu nhung x4y ra giita ba ho#ic nhiéu bién dy bao. C4 hai vi du déu thé hién cong tuyén duwong. Trong
mot s6 truong hop khac, gia tri clia mot bién du bao c6 thé gidm khi bién kia tdng — khi do goi la
cong tuyén am.

Trong céac tap dit lieu c6 nhiéu bién du bao, thuong ton tai cic dang da cong tuyén phitc tap, bao
gdom ca cac mdi quan hé cong tuyén duong va am dan xen 1an nhau.

4.3.4 Khoéng cong tuyén

Nhu hinh 8, néu thém bién tudi (y) vao mo hinh dit bao thai gian nim ICU (log-transform), va tudi
khong lien quan tuyén tinh v6i cudng do insulin (), thi he s6 theo z (insulin) gitt nguyén khi them y.
Khong c6 cong tuyén = mdi bién dong gép doc 1ap vao mo hinh; thém bién phit hgp thuong lam gidm
SSres VA khong lam thay doi he s6 da co.
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of ICU admission (q axis)
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Hinh 8: (A) ¢ = 0.097z + 0.074y — 2.37, R> = 1.0. (B) y = 0z + 35, R? 4 = 0. ICU = intensive care

unit.
4.3.5 Do ludng miic do cong tuyén

Mitc do cong tuyén gitta hai bién du bdo duge dinh lugng bang hé sé xdc dinh gitta cdc bién du bdo
R? .q (dé phan biet v6i R? gitta du béo va két cuc). V6i nhiéu bién, R2 ; cia mot bién la phan R? khi
hoi quy bién d6 theo tat cd cac bién con lai (tic mitc chong l1an ctia “hinh tron” bién dé véi cac hinh
con lai trong hinh 5).

4.4 Dinh lugng bat dinh ctia hé s6 (SE) va VIF
Trong hdi quy don, sai s6 chuan (SE) ctia hé s6 c6 dang:

SShes 1 1%
n—2 S (X - X)?

SE(coef)gon = [

Trong hoéi quy boi, cong thitc tuong ty nhung nhan thém can bac hai cia hé sé6 phong dai phuong sai
(VIF) dé phan dnh bat dinh ting do cong tuyén:

) 1/2
VIF = ———, SE(coef),; = [
1 - Rlz)red ¢

S Sres 1 1

n—ki—1 (X —-X)? 1-RZ 4
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Néu thém mot bién khong cong tuyén, thuong SSyes gidm (md hinh t6t hon) = SE cac hé s6 khac gidm.
Nguge lai, théem bién cong tuyén lam VIF > 1 = SE tang. Tong hiéu tng 13 can bing giita (i) thong
tin gidi thich méi gitp gidm SS,es va (ii) du thita/cong tuyén lam tang VIF.

4.5 Tang luc (power)

Luc kiém dinh phu thudc do 16n hieu tng va bat dinh. Ngoai cach ting n, mot cach khac dé gidm
bat dinh la thém céc bién dy bao khong cong tuyén (tan dung thém thong tin trén mdi quan sat), ti
d6 tang power cho suy luan vé cic bién quan tam (vi du chuyén tir kiem dinh ¢ don bién sang ANOVA
hai yéu t6 trong vi du truyén kali va bicarbonate).

4.6 Leverage trong mé hinh da bién
Danh gia leverage trong da bién tuong tu don bién. Cook’s distance phan anh thay déi dong thoi

clia tat ca cac hée s6 va tung do gbc khi loai mot diém dit lieu; gia tri bat thuong goi ¥ diém c6 anh
huéng qua miic.

4.7 Hiéu ting tuong tac

Néu tac dong két hop ciia hai lieu phap (vi du kali v& bicarbonate) 16n hon tong rieng 18, ta dua
twong tdc xy vao mo hinh:
z=kix + koy + ks zy + c. (2)
Thuat ngit tuwong tac ks 2y lam bé mat “cong” (khong con 1a mit phang thuan tuy), phan anh higu ting
hiép dong. Thém tuong tac vita c6 thé gidm SSes (thém thong tin thic) vita c6 thé tang VIF (cong
tuyén véi z hosic y), do d6 SE ctlia cac hé s6 c6 thé tang hodc gidm tuy tuong quan gita hai higu ting
nay.

4.8 Liya chon bién phit hop (xay dung md hinh)

Muc tiéu: dua vao céc bién du bao cung cap thong tin doc lap ddng ké, tranh du thita cong tuyén qua
mitic. Cach tiép can dya thuan tuy vao théng ke don bién (screening) hodic chon bién ty dong (stepwise)
dé gay thién léch va sai lam khoa hoc; khong khuyén khich. Thite hanh t6t: thiét ké thu thap di lieu
cho nhitng bién nén ting quan trong theo tri thic hién tai; sau dé kiém tra gid dinh mo6 hinh tuyén
tinh, dong gép doc lap clia titng bién, va mic da cong tuyén. Cudi cliing, zdc thuc mo hinh trén tap dit
lieu khac hoac bang cross—validation.

4.9 X1t ly da cong tuyén

Khi cong tuyén 1a khong tranh khoi:

e Thu thap them dit ligu (néu kha thi).

e Két hop bién thanh chi s6 tong hop (vi du thang diém nguy ca).

e Thay thé bang cac bién cin nguyén hon, it cong tuyén hon (tuong ty ¥ tudng phan tich thanh
phan chinh — PCA).

e Diung bién thé binh phuong t6i thiéu c¢6 quy chudn hod nhu ridge regression (chap nhan mot it
chéch dé gidm phuong sai/SE khi cong tuyén cao).
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4.10 Két luan

Da s6 bai toan lam sang c¢6 ban chat da bién; do dé tiép can don bién thuong sai lech, c6 thé dan
dén he s6 du bao khong ding (vé lugng hodc vé dau) va két luan suy luan thiéu chinh xac. Hoi quy
tuyén tinh boi la cong cu hitu ich dé mo hinh hoa nhiéu hién tugng trong nghién citu y hoc. Khi cac gia
dinh dugc thod méan, mo hinh cung cap udc lugng chinh xac cho hé s6 va sai s6 chuan ciia ching, gitp
hiéu r6 tAm quan trong tuong déi ciia cac bién du béo, va hd tro tien luong cho dit lieu tuong lai. Ung
dung bao géom mo hinh hoé chan doan, tién lugng va dap tng diéu tri.

V. Vectorization

5.1 Khai niém co ban
Trong huan luyén mé hinh hoi quy tuyén tinh, méi mau huan luyén cé thé duge biéu dién dusi dang:

gl = w1x§i) + wz:vg) o wr® 4 b
Néu tinh toan lan lugt tiing mau (for-loop), thdi gian thyc thi sé ty 1é thuan véi s6 mau N. Khi
dit lieu 16n, phuong phap nay tré nén cham va tén tai nguyéen. Gidi phap 1a **vectorization™*, gitip gop
toan bo dit lieu huan luyén vao ma tran dé tinh toan song song bang phép nhan ma tran thay vi vong
lap.

5.2 Biéu dién ma tran cho toan b dit liéu
Ta viét lai toan bo dit lieu dau vao X dudi dang ma tran kich thuée N x d, trong dé:

DR C RN (¥

Ty &)
X: $1 .’L'2 .’L‘d
NIRRT R L

Thém cot bias (g = 1) vao dau dé tinh gop hé sb chan b, khi do:

1 xgl) xgl) :L“Ell)
X, - 1 9552) xg) a:f)
L
Heé s6 mo hinh dugc viét gon: o
JL
f = | W2
| Wd ]

Dt doan cho toan bo dit lieu duge tinh bang:
¥ = X0
Phép nhan ma tran nay thay thé toan bo vong lip N lan tinh toan riéng 1é, gitp tan dung t6i da

khé nang tinh toan song song cia CPU/GPU.
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5.3

Ham méat mat va dao ham duéi dang vector

Ham mét mat trung binh binh phuong sai s6 (MSE):

Dao ham vector héa theo 6:

2
VoL = NXJ(X,JG -y)

Cap nhat tham s6 theo Gradient Descent:

0 9-—-n‘79L

Vectorization gitp giam dang ké thoi gian tinh toan vi cac phép nhan vi cong ma tran dugc téi uu
héa & mitc phan cing.

5.4

Vi du minh hoa v6i NumPy

I import numpy as np

2

3

14

# Generate a simple dataset

X =

y =

np.array ([[1, 2],

[2, 3],

[3, 4],

[4, 5]]) # 4 samples, 2 features
np.array ([[5], [7], [9]1, [1111)

# Add bias term (x0 = 1)

X_b

= np.c_[np.ones ((X.shape[0], 1)), X] # shape = (4, 3)

# Initialize parameters randomly

thet
eta
n_it

a = np.random.randn (3, 1)
= 0.01 # learning rate
er = 1000 # number of iterations

# Vectorized Gradient Descent

5.5

for epoch in range(n_iter):
y_pred = X_b @ theta # vectorized prediction
error = y_pred - y # compute residuals
gradients = (2 / X_b.shape[0]) * X_b.T @ error
theta -= eta * gradients # parameter update
; print ("Learned parameters:\n", theta)

Listing 1: Vectorized Gradient Descent for Linear Regression using NumPy

Hiéu nang va Igi ich cta vectorization

**T6c do:** Phép nhan ma tran duge t6i uu héa trong cac thu vien nhu BLAS/LAPACK.
**D6 chinh xac:** Gidm sai sd lam tron so véi lip titng phan ti.

**Tinh gon:** Code ngin gon, dé hiéu, tranh 15i lap chi muc.

**Khé nang md rong:** Tuong thich v6i GPU va framework nhu TensorFlow, PyTorch.
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5.6 Kiém chiing két qua vdi nghiém déng
D@ kiém chitng, ta so sanh v6i nghiém déng (Normal Equation):
0" = (X, Xy) ' Xy y

1 theta_best = np.linalg.inv(X_b.T @ X_b) @ X_b.T @ y
print ("Closed-form theta:\n", theta_best)

N

Listing 2: Closed-form solution comparison

Néu két qua ctia 6 tir Gradient Descent hoi tu ding, hai nghiém sé gan nhu trung nhau.

5.7. Mlinh hoa hinh hoc (Geometric Interpretation of Linear Regression
and Vectorization)

Linear Regression khong chi 1a mot bai toan t6i wu thuan tiy ma con c¢6 § nghia hinh hoc sau sic
trong khong gian Euclidean. Mbi thanh phan trong cong thiic vector héa déu c6 thé duge biéu dién
dusi dang hinh hoc, gitp ta hiéu r6 hon co ché hoi tu, vai tro ciia vector trong s6, va cach mo hinh tim
duong “phing tb6i wu” gitta cac diém dit lieu.

5.7.1. Khong gian du doan va vector biéu dién

Xét tap dit lieu X, € RV*@+D trong d6 mdi hang la mot mau di lieu ¢6 them phan ti bias. Gid si
moi cot clia X, tuong ting véi mot dic trung (feature), khi d6 khong gian ctia tat cd cac két hop tuyén
tinh clia cac cot nay duge goi la cot khong gian (column space) cia Xy, ky hiéu la:

C(Xp) = {X30 | 6 € R}

M&éi vector ¥ = X6 1a mot diém ndm trong khong gian nay, tic 1a td hop tuyén tinh ctia cac cot
trong Xp.

5.7.2. Vector du doan, sai s6 va gradient

Khi mé hinh dy doan ¥, ta c6 thé mo ta ba vector chinh trong qua trinh hoc:

(1) Prediction Vector: y = X0
(2) Error Vector: e=y —y
2

(3) Gradient Vector: Vy = ¥

X bT e
e y Ia vector du doan nam trong khong gian cot ctia Xj.

e e la vector sai sb, chi phuong vudéng géc v6i khong gian cot khi mo hinh dat t6i uu.

e Vy la vector gradient trong khong gian tham s6 (d + 1 chiéu), chi huéng can di chuyén dé gidm
loss.

C4 ba vector nay lien hé chiat ché v6i nhau thong qua phép nhan ma tran va chiéu hinh hoc
(projection).

25



2

1

Al VIETNAM aivietnam.edu.vn

5.7.3. Dién giai hinh hoc ctia nghiém tbi wu

Tai diém t6i uu #*, mo6 hinh thoéa méan diéu kién dao ham bing 0:
X (X0 —y) =0

Diéu nay c6 nghia la y — X,0* (vector sai s6) truc giao vdi toan bo khong gian cot ctia Xjp. Noi cach
khéc, y 14 hinh chiéu truc giao (orthogonal projection) ciia y len khong gian C(X3).
Khi do:
y = Pxy, v6i Px = X3(X, Xp) 71X,

trong d6 Px la ma tran chiéu (projection matrix). Tinh chat quan trong:
Py = Px, P%=Px
Tiic 14 phép chiéu nay khong lam thay déi cac vector da nam trong khong gian C(Xp).
5.7.4. Minh hoa bang hinh hoc 3D (trudng hgp 2 dic trung)
Dé hinh dung, xét bai toan c6 2 dic trung z1, 2. Khong gian di lieu lic nay 1a 3 chiéu: (z1,x2,y).
Muc tiéu ciia Linear Regression 1a tim mot mat phang c6 phuong trinh:
U = wixy +ware + b

Céc diém dit lieu that (z1,2,y) ndm rai rac trong khong gian. Mo hinh tim mit phéng sao cho
tong binh phuong khoang cach theo phuong thing diing (error vector) giita cac diém that va
mit phang 14 nhé nhat.

O trang thai hoi tu: - Cac vector sai s6 e; déu vuong goéc véi mit phing du doan. - Tong tat ca céc
vector sai s6 c6 huéng nguge véi gradient trung binh.

5.7.5. Vai tro hinh hoc ctia Vectorization
Vectorization gitp ta chuyén toan bo qua trinh tinh toin nay vao khong gian dai s6 tuyén tinh:

N R 2
y=X0, e=y-y, Vo=L1X/e
Thay vi tinh toan ting diém, ta dang thitc hién phép chiéu dong thoi ciia toan bo tap dit lieu len
khong gian cot ctia Xp. Quéa trinh Gradient Descent thiyc chat 1a mot chudi phép chiéu dan dan, tién
gan dén hinh chiéu tryc giao chinh x4c (projection ctia y).

5.7.6. Minh hoa truc quan (Python Example)

import numpy as np
import matplotlib.pyplot as plt

# Simple 2D example: y = 2x + 1

X = np.linspace(0, 5, 6).reshape(-1, 1)

y = 2 * X + 1 + np.random.randn(6, 1) * 0.5 # noisy data
X_b = np.c_[np.ones ((X.shape[0], 1)), X]

# Closed-form solution
theta_best = np.linalg.inv(X_b.T @ X_b) @ X_b.T @ y
y_pred = X_b @ theta_best

# Plot data and regression 1line
plt.scatter(X, y, color="blue", label="True data")
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15 plt.plot(X, y_pred, color="red", label="Predicted line")

16

17 # Draw error vectors

1g for i in range(len(X)):

19 plt.plot ([X[il, X[il], [y([il, y_pred([ill], "k--", alpha=0.7)

21 plt.xlabel ("Feature x")

22 plt.ylabel ("Target y")

23 plt.legend ()

24 plt.title("Geometric interpretation of prediction and error vectors")
25 plt.show ()

Listing 3: Geometric Visualization of Prediction and Error Vectors

Geometric interpretation of prediction and error vectors

® True data
10 1 — Predicted line
8 -
=
]
o 61
°
4 -
2 -
0 1 2 3 - 5
Feature x

Hinh 9: Minh hoa bing Python
5.7.7. Két ndi gitta dai s6 va hinh hoc
T géc nhin dai s6 tuyén tinh:

n%in ly — X0|> = tim ¥y € C(X}) sao cho |jy — y|| nhd nhat.

T géc nhin hinh hoc:
e Mbi budce cap nhat gradient 13 mot bude di chuyén vuong géc trong khong gian tham sb 6.
e MBoi lan cap nhat y = X0 13 mot phép chiéu gan hon dén mit phiang chita cac vector trong C(Xp).

e Khi gradient bing 0, ta dat diém ma vector sai s6 vuong géc hoan toan véi khong gian cot —
tuong duong véi nghiem t6i vu.
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VI. Regulization

6.1. Tai sao can Regularization?

Trong thuc té, khong phai ltic nao mo hinh hoéi quy tuyén tinh (Linear Regression) ciing hoat dong
tot. Néu ban ¢6 quéa nhiéu dic trung (d) trong khi s6 lugng mau huan luyen (V) lai nhd, hodc dit ligu
chita nhiéu nhiéu (noise), mo hinh c6 thé bi overfit — tic 14 khép hoan hio vé6i dit lisu huan luyen
nhung lai dy doan kém trén di liéu mdi.

e Khi d > N: ma tran X, X, trd nén gan suy bién (singular), khién nghiem 0 = (X, X;) 71X,y
khong én dinh hodc tham chi khong ton tai.
e Khi dit ligu c6 nhiéu hodc bién dau vao tuong quan manh (multicollinearity), moé hinh dé bi dao

dong manh khi c¢6 thay doéi nho trong dit lieu.

Regularization xuat hién nhu mot “co ché bao ve”, giip lam mém mo hinh bang cdch thém mot
thanh phan phat (penalty term) vao ham mat mat. Diéu nay buoc mo hinh wu tién cic nghiem c6
trong s6 nhé hon — titc 1a cdc dudng (hodic mit phang) hdi quy don gidn hon, mugt hon va tong quat
tot hon.

Mot cach hinh tugng: > Néu Linear Regression 13 mot ngudi hoc ghi nhé tat ca dit lieu huan luyen,
thi Regularization 13 ngudi thay gitip ho hoc “cai ban chat” thay vi hoc vet.

6.2 Ridge Regression (L2 Regularization)

Ridge Regression 1 phuong phéap regularization ¢6 dién va dé hiéu nhat. Y tudng rat don gidn: néu
mo hinh dang c¢6 gdng phéng dai trong s6 dé giam sai s6, hay thém mot “chi phi” cho viéc cé trong sb
16n.

Cong thitc ham mat mat ctia Ridge:

1
Lot 8) = o lly = X0+ X0

Trong doé:

e |y — X0|? 1a phan 156i dy doan (loss gbc).

e \||0]|? 12 phan phat (penalty term), trong dé A quyét dinh mtc do “ép nhd” trong sb.

e )\ > 0 cang 16n thi mo6 hinh cang bi “kiém ché” — trong s6 cang nhd, mo hinh cang tron tru.

Phan dao ham vector héa (gradient) duge viét nhu sau:

2
N

va quy tac cap nhat tham s6 trong Gradient Descent:

VGLridge = Xl;r (Xbe — y) + 270

0« 0— HVQLMdge

Y tuéng nay c6 thé coi nhu viec “lam md” bé mit ham méAt mat, gitp tranh hien tugng dao dong
manh va cai thién kha nang hoi tu.
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6.3 Lasso Regression (L1 Regularization)

Néu Ridge phat bang binh phuong trong s6, thi Lasso lai chon cach phat “manh tay” hon — bang
tri tuyet doi:

1
Llasso(e) = NHy - Xb0||2 + /\H0||1

d

161 = 161

Jj=1

Tac dong ctia Lasso 1a ddy mot sd trong sbé vé dang 0. Didu nay c¢6 nghia 1a Lasso khong chi
gidm do 16n ctlia trong s6, ma con thyc hién feature selection ti dong — loai bo cac dic trung it quan
trong ra khéi mo hinh.

Tuy nhién, vi ham tri tuyet déi khong kha vi tai 0, gradient ctia Lasso khong thé tinh triyec tiép.
Thay vao dé6, ngusi ta dung cac thuat todn dac biét nhu Coordinate Descent hoic Subgradient
Method dé tim nghiém gan ding.

Mot cach dé hiéu: > Ridge “lam nhé” moi trong s, con Lasso “loai bé” nhiing trong s6 yéu — giéng
nhu chon loc tu nhién trong hoc may.

6.4 So sanh Ridge va Lasso

Dé dé hinh dung, bang sau tém tat sy khéc biet chinh gitta hai phuong phap:

Dic diém Ridge (L2) Lasso (L1)

Cong thitc phat AN wJQ» A |wjl

Hieu tng Gidm do 16n clia trong sb Ep mot sb trong s6 vé 0

Téc dung chinh Gidm phuong sai, 6n dinh mo hinh Lya chon dac trung ty dong
Truong hgp 1y tuéng | Dit lieu c6 nhiéu bién tuong quan | Dit lieu thua hodc c6 nhiéu dic trung
bao ham Tron, kha vi Khong tron tai 0

Trong thic té, Ridge thuong duge dung khi moi dic trung déu quan trong ¢ mot mic do nao do,
con Lasso phtt hgp khi ta tin ring chi mot vai bién that sy anh huéng manh dén dau ra.

6.5 Minh hoa y tuéng bing hinh hoc

Hay tuéng tugng ham mat mat MSE c6 dang nhu mot ellipsoid trong khong gian tham s6 6. Khi
them rang buoc Ridge (||0]|3 < ¢), ta dang bao quanh viing nghiem bing mot hinh cau. Diém tdi wu
13 noi ma ellipsoid ctia MSE cham vao hinh cau nay.

Ngugc lai, véi Lasso (||6]1 < ¢), ving rang budc ¢6 hinh thoi. Vi céc canh ctia hinh thoi ¢6 goc
nhon, nén diém tiép xtc thudng nim ngay trén truc toa do — titc 1a mot vai trong s bi “de” vé 0. Day
chinh 1& 1§ do hinh hoc khién Lasso c¢6 kha nang loai bé dic trung.
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T T
Standard Lasso Ridge
Error = ¥(residuals)® Emor = ¥(residuals)® + 4+ |slope| Error = Y(residuals)® + A« (slope)?
Error = 1.53 Error = 1.53 + 1*0.68| Error = 1.53 + 1* (0.68)*
* Note: A =1
Best Fit Lines

T
Standard Lasso Ridge
Slope = 0.62 Slope = 0.43 Slope = 0.51

. = Training Points . = Test Points

| T T
Standard Lasso Ridge
Test Error = 3.76 Test Error = 2.27 Test Error = 2.82

6.6 Trién khai thuc hanh véi NumPy

Vi du duéi day minh hoa cach trién khai Ridge Regression theo huéng vectorized — tan dung toi
da kha ning x1t Iy ma tran cia NumPy:

| import numpy as np

2

3 # Generate training data
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X = np.array([[1, 2], [2, 3], [3, 4], [4, 5]1)
np.array ([[5], [7], [9], [1111)

# Add bias term

X_b = np.c_[np.ones ((X.shape[0], 1)), X]
# Initialize parameters

theta = np.random.randn(X_b.shape[1], 1)

eta = 0.01
n_iter = 1000
lam = 0.1 # regularization strength

# Vectorized Gradient Descent with Ridge Regularization
for epoch in range(n_iter):
y_pred = X_b @ theta

error = y_pred - y

gradients = (2 / X_b.shape[0]) * (X_b.T @ error) + 2 * lam * theta
gradients [0] -= 2 * lam * theta[0] # exclude bias term from regularization
theta -= eta * gradients

print ("Ridge-regularized parameters:\n", theta)

Listing 4: Vectorized Ridge Regression with Gradient Descent (NumPy Implementation)

6.7 Analytical (Closed-form) Ridge Solution
Khong chi ¢6 cach tinh qua Gradient Descent, Ridge con cé nghiém déng — con goi 1a Regularized
Normal Equation:
:idge = (Xl;rXb =+ AI)il‘)(l;ry

Trong d6 I 1a ma tran don vi kich thuée (d 4 1) x (d + 1), va phan tit dau tien (bias) khong duge
regularize.

I = np.eye(X_b.shapel[1])

I[0, 0] = 0 # do not regularize bias

theta_ridge_closed = np.linalg.inv(X_b.T @ X_b + lam * I) @ X_b.T @ y
print ("Closed-form Ridge theta:\n", theta_ridge_closed)

Listing 5: Closed-form Ridge Regression Solution

6.8 Biéu dién tong quat va mé rong sang Elastic Net

Cong thitc tong quat ciia regularization la:

1
in —||ly — Xp0|> + \R(0
memNHy b0 + AR(0),

10]]1  (Lasso)
Mot bién thé phd bién hon l1a **Elastic Net**, két hop ca hai hinh thitc phat:

R(6) = {nen% (Ridge)

1
Lejastic = NHy - Xb0H2 + )‘1||9||1 + )‘QHGH%

Elastic Net giit lai kha nang chon loc diic trung ciia Lasso, dong thsi duy tri do én dinh ctia Ridge
— mot Ia chon can bang tuyét voi cho dit liu phiic tap.
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6.9 Tong két Regularization

e Regularization gitp kiém soat do phiic tap ciia moé hinh, ngin overfitting va cai thién kha ning
tong quat.

Ridge 1am mu¢t mo hinh bang cach gidi han do 16n ciia trong so.

Lasso don gidn héa mo hinh biang céch loai bé nhitng trong s6 khong can thiét.

Elastic Net két hop siic manh ctia ca hai phuong phap.

Hiéu va 4p dung Regularization 14 mot buée quan trong dé xay dyng moé hinh hoc méy vitng vang,
dac biet khi ban bat dau xit Iy cac tap dit lieu thyc t&é — noi nhiéu, tuong quan va thiéu di lieu 1a
chuyén thuong ngay.
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