Tuan 1 - Tong hop kién thirc Budi hoc sé 1 va 2

Time-Series Team

Ngay 17 thang 7 ndm 2025

Bubi hoc s6 2 (Thir 3 + Thir 4, 16/07/2025) Vi ndi dung ctia budi thir 3 va 4 c6 lién két va ndi dung giéng
nhau nén minh ghép thanh 1 phan véi 8 noi dung chinh:

« Phén 1: Random Variable

« Phan 2: Random Discrete Variable

« Phin 3: Probability Distribution (From Discrete to Continuous

« Phin 4: Expected Value, Variance, Standard Deviation va ing dung ciia chiing
« Phian 5 M6 rong: Gia tri ky vong ciia 1 ham s va ong ciia ky vong

« Phan 6: Variance — Phuwong sai

« Phan 7: Standard Deviation

« Phén 8: Ung dung ciia Mean, Median, Variance

« Phén 9: Histogram va ing dung ciia né

« Phén 10: Mé rong: Cai dit Histogram bang numpy




Phan 1: Random Variable
Téng quan (giai thich dinh nghia va cong thirc)

Mot Bién ngiu nhién (Random Variable) 13 mot dai lwong nhan gia tri phu thudc vao két qua ciia mot phép
thir ngiu nhién. Mdi gia trj ctia bién ngiu nhién gin véi mot xac suat.
« Néu bién chi nhan cac gia tri dém dwge (hiru han hoac v6 han dém dugc nhu 0, 1, 2, 3..),tagoidola Bién
ngiu nhién roi rac (Discrete Random Variable).

« Néu bién nhan v sb gia tri lién tuc trén mot khoang (vi du tir 0 d&én 1, bao gém cac gia tri nhu 0.1,
0.0001...), ta goi la Bién ngiu nhién lién tuc (Continuous Random Variable).

Vi du thue té:

+ Roi rac (Discrete): S6 mit ngira khi tung 3 dong xu. C6 thé 13 0, 1, 2 hodc 3 mit ngira. Ta c6 thé liét ké ra
duoc tat ca cac gia tri — dém duoc.

« Lién tuc (Continuous): Thoi gian chd xe buyt vao budi sang c6 thé 1a 3.2 phuat, 3.21 phit, 3.219 phut,...
— khong thé liét ké hét — lién tuc.

Phén biét theo hinh anh:
+ Bién roi rac: Tap hop gia tri nhu mot danh sach cac so: [0, 1,2, 3]

+ Bién lién tuc: Mot khodng céc gid tri thuc: (0, 1)

Ghi nhé nhanh:
« Bién ngiu nhién 1a cau ndi giita phép thir ngdu nhién va gia trj s6 hoc.
« Roi rac = gia tri 101 rac, liét ké dugc. (vd: s6 1an xuét hién)
« Lién tuc = gid tri vo han trén khoang, khong thé liét ké. (vd: thoi gian, chiéu cao)

+ Biéu d6 PMF cho thiy phan phdi x4ac suat cia mot bién ngiu nhién roi rac.

Phin 2: Random Discrete Variable
Téng quan (giai thich dinh nghia va cong thirc)

Bién ngau nhién rdi rac (Discrete Random Variable) 1 bién ngau nhién chi nhan céc gia tri dém dugc, chiang
han nhu 0, 1,2, 3,.... Moi gia tri d6 d€u gan voi mot xac suat, va tong tat ca cac xac suat phai bang 1:

Y PX=z)=1 va P(X=1)>0



Minh hoa Bién ngiu nhién roi rac qua bai toan tung 5 dong xu: Gia sir minh tung 1 dong xu 32 lan va liét
ké tat ca ket qua ra mat nglra ra 1 bi€u do tan suat (Histogram), minh s€ lay dugc xac suat cla tat ca cac mat (i.e.
két qud) co6 thé xay ra cua phép thur (e.g. x4c suat ra ngura 0 1an 1a 1/32, ngura 2 1an 1a 10/32).
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Hinh 1: PMF — Xéc suét sb 1an xut hién mat ngira khi tung 5 dong xu

Cong thire trén chinh 1a Ham khéi lwong xac suét (Probability Mass Function) viét tit 1a PDF gitip minh xem
xét cach phéan phoi xac suat gitra tat ca cac bién. Vi cho thay xac suat xdy ra tung so lugng mat ngtra khi tung 5
dong xu, ky hiéu la X3 vai tong ca xac suat luén bang 1.

5
pr(x) =1
x=0

Quan sat: Cac bién X1, X9, X3, X4 — dai dién cho s6 1an xuét hién mat ngtra khi tung n déng xu — déu ¢
phan phdi x4c suat twong tu nhau (e.g. chia cho 32). Li¢u c6 mot mo hinh théng nhat dé biéu dién cac bién nay?

— Céu tra 10i 1a: Phan phdi nhi thirc (Binomial Distribution)

Phan 3: Probability Distribution (From Discrete to Continuous)

3.1 PMF (Probability Mass Function)

Phin phdi nhi thirc 12 gi?
Phan phéi nhi thirc m6 ta xac suét xay ra dung k lan thanh cong sau n lan lp lai mot phép thir ma:
« Mbi lan thir chi ¢ hai két qua: thanh ¢éng (1) hoic thét bai (0).
« Xac suat thanh cong & mdi 1an 13 nhu nhau, ky hiéu 1a p.

Vi du: tung dong xu nhiéu lan, mdi lan chi c6 mit ngira hoic sap.



Giai thich truc quan hé s6 nhi thirc:
What is the probability that if | flip 5 coins, 2 of them land in heads?

Number of ways
you can order 5
51 coins

0= —
21(5-2)!

[ N

Number Number
of H of T

Hinh 2: Hé sb nhi thirc — s6 cach chon 2 mit ngira trong 5 1an tung dong xu

Trong vi du nay, ta xét xac suat c6 dung 2 mit ngira khi tung 5 dong xu.
« 5!: 56 cach sip xép 5 dong xu.

« Nhung khi tung 5 dong xu d6 c6 tring lap: 2 mit ngira giéng nhau va 3 mat sap giéng nhau. Do ta chi quan
tam dén truong hop c6 ding 2 nglra va 3 sap, nén can loai bo cac hoan vi giong nhau bang cach chia cho

2131,
5 5!
= =1
(2) 25—y

— C6 10 cach dé xuat hién dung 2 mit ngira trong 5 1an tung.

« Két qua:

Caéng thirc phan phdi nhi thirc:

Trong do:

« n: s6 1an thir (vi dy: 5 1an tung dong xu)

k: s6 1an thanh céng mong mudn (vi du: 2 mit ngira)

« p: x4c suat thanh cong mdi lan thir (vi du: p = 0.5 néu ddng xu cong bang)

(Z) hé sb nhi thirc — s cach chon k 1an thanh cong trong n 1an thir



Ghi nhé nhanh:
» Bién ngﬁu nhién roi rac nhan cac gia tri roi rac, vi du nhu s6 mat ngira.

« Phan phdi nhi thitc mé ta xac suét xay ra ding k lan thanh cong trong n phép thir c6 hai kha ning
X4y ra.

» Cac gia tri roi rac dugc mo ta bé“lng Ham khdi xac suat (PMF).

3.2 PDF (Probability Density Function)

Trong phan trudce, chiing ta da tim hiéu cich md ta x4c suat ciia bién ngau nhién roi rac thong qua ham khoi xac
suat (PMF), moi gia tri roi rac nhu 0, 1, 2, ... d€u gan v&i mot xac suat cy the.

Tuy nhién, trong thuc té, c6 rat nhiéu hién twong khong thé gan voi gia tri roi rac ma thay vao d6 1a mét
khoang gia tri lién tuc — vi du nhu thoi gian, chi€u cao, toc d9,... Khi d6, chung ta can mot cong cu méi dé mo
ta xac suat: Ham mat d¢ xac suat (Probability Density Function - PDF).

Hiéu Tir Phin phdi Roi Rac dén Lién Tuc

Trong phan phdi roi rac, tong xac suat cua tt ca két qua luon bang 1. Nhung hiy tudng twong néu ta c6 rat nhiéu
két qua (thdm chi v6 han), thi xac sudt tai ting diém riéng 1& s€ dan tién dén . Vi du: néu c6 1000 két qua, thi moi
két qua chi c6 xac suat la 1/1000.

Vay néu xac suit ciia moi két qua déu bang 0 thi ta tinh sai & dau ? Ta khong sai — ma 13 vi loai phan phéi nay
khac vé ban chat. N6 khong phai 1a roi rac, ma la lién tuc. Do vay, cach ti€p can cli (PMF) s€ khong con hi¢u
qua. 0

Thay vi hoi: “Cudc goi kéo dai dung 2 phut c6 x4c sudt bao nhiéu?”, hiy dat cau hoi theo khoang: “Cudc goi
kéo dai tir 2 dén 3 phut thi sao?”

« Ban déu: ta chia cac khoang thanh [2, 3], [3, 4]...
* Sau do6: chia nhé hon nita thanh [2, 2.5], [2.5, 3]...
« Roi lai tiép tuc chia nhé v6 han nhu [2, 2.1], [2.1, 2.2]...

Khi ta chia nhé dén mirc v6 han, ta bt dau tha"iy dugc mot duong cong — hinh dung mdi cOt xac sudt rat nho
tao thanh mdt d6 thi mugt. Py chinh 1a ltc chiing ta chuyén sang Phan phoi lién tuc (Continuous Distribution).



Minh hoa: Tir PMF dén PDF cho thiy cach xac sut “chuyén héa” tir cac cot rdi rac sang 1 duong cong lién
tuc:

Discrete to Continuous

-
>

»
>
»

Phén phéi roi rac (PMF)

Hinh 3: Tt phan phoi xac suat roi rac dén lién tuc

C4ch tinh xac suit tir PDF:
Ham mat do x4c suat (Probability Density Function — viét tit 1a PDF) dugc ky hi¢u 1a fx (z). Py 1a ham mo

ta toc dd tich lity xac sudt quanh mdi diém trong khong gian lién tyc. PDF chi 4p dung cho bién ngiu nhién
lién tuc, va thda cac diéu kién:

e fx(x) >0 véimoizx

+ Dién tich toan bd dudi dwong cong ciia fx () bang 1:

/_fo(x)dﬂﬁz 1

Ta khong thé hoi “xac suat dé X = a”, vi:
P(X=a)=0

Thay vao do, ta tinh x4c suit dé X nam trong mot khoang gia tri (a, b) bang cach ly di¢n tich dwéi dwong
cong fx () tir a dén b:

b
Pla < X < b) :/ fx(x)dx



Ghi nhé nhanh:
« PMF: Dung cho bién roi rac. Xéc suit tai tmg diém roi rac. Téng cac xac suat = 1.

« PDF: Dung cho bién lién tuc. X4c suat trong mot khoang — tinh bang dién tich dwéi dwong cong.

P(X = a) = 0 1a x4c suit & timg diém bang 0 v&i bién lién tuc.

PDF khong cho ta “xéc sudt” ma 1a “mat do” — tirc 12 muc do tich Ity xac suét quanh mat diém.

b
« Tinh x4c suat bang tich phan: P(a < X < b) = / fx(z)dx
a

3.3 CMF (Cumulative Probability Function)

Pong lwc xuét hién CDF:

0O ph?ln trudc, ta biét réng khi lam viéc véi PDF (ham mat do xac suét), ta phai tinh tich phan — trc 1a tinh
dién tich dwéi dwong cong — dé tim xac suat trong mot khoang. Nhung diéu nay khong phai lic nao ciing thuin
tién, nhat 13 khi ta can biét xac suit tich [y tu diém bat diu dén mot gia tri cu thé.

D6 14 1y do vi sao ta can dén Ham phan phai tich liiy — Cumulative Distribution Function (viét tit 1a CDF
hoac CMF).

CDF la gi?
CDF cho biét xac suét tich liiy ma bién ngﬁu nhién X nho hon hodc béng mot gia tri cy thé 2:

Fx(z) = P(X < )

Tic 1a CDF s& “cong don” tat ca xac suat tir —oo dén x. Day 1a tong dién tich dudi duong cong PDF tir trai
qua phai dén diém =x.

Khac biét gitra PDF va CDF:
« PDF cho biét x4c suat trong mot khoang cu thé (i.e. 1a chiéu cao tai 1 khoang)
« CDF cho biét téng xéac suét tir diém bit dau cho dén mot gia tri nhét dinh (i.e. dién tich tich liy)

Vi du truc quan:



Cumulative Distribution

=

Cumulative Probability

Probability

Hinh 4: So sanh PDF va CDF — tich lity x4c suat tir 0 dén 1, r6i 0 dén 2,...

Tinh chit ciia CDF:
+ Fy(z) (tong xac sut ctia X) luén nam trong khoang [0, 1]
« Ludn ting dan vi x4c sudt tich lily khong thé am

« Cang vé bén phai, CDF cang tién gin dén 1

Vi du cho PDF lién tuc
CDFs CDF: Cumulative distribution function
At the end, area = 1
S . %

At0, area =0

N i

X

X

P(less than or equal to 2 minutes) = 0.5 P(less than or equal to 2 minutes) = 0.5

Hinh 5: CDF khi PDF lién tuc trong 1 khoang



Ghi nh¢ nhanh:
« PDF: Cho biét mat d6 x4c suit tai mot diém. Phai dung tich phan dé tinh xé4c suét theo khoang.
« CDF: Cho biét tong x4c suat tir dau dén diém x, ky hi¢u la Fx (z) = P(X < z).
« CDF luén nam trong khoang [0, 1] va khong bao gio giam.

« CDF gitip ta tranh tinh tich phan lip di lip lai — ta chi can lay hiéu gitra Fx (b) — Fx (a) dé biét
xac sudt P(a < X < b).

Phan 4: Mean/Expected Value, Variance, Standard Deviation va ng dung ciia
ching
4.1 Expected Value

Gia tri ky vong la gi?

Trong thong ké, Mean (gia tri trung binh) 14 trung binh cong ctiia mot tap hop dit liéu — vi du nhu diém s6 trung
binh cia sinh vién hodc thoi gian chd xe buyt. Khi lam viée véi bién ngiu nhién, gia tri trung binh nay dugc goi
l1a Expected Value (Gia tri ky vong). Noi cach khac:

Expected Value chinh la trung binh ¢6 trong sé cia tat cd cdc két qua cé thé xdy ra, dwa trén xdc sudt xdy ra cia
chung.

_ Children in a Room

Age: O 1 2 3
ilg-

1.3

Hinh 6: Vi dy: Tinh gia tri ky vong tudi ciia tré em trong phong

Gia str trong mot 16p hoc ¢6 10 em nhé vé6i d6 tudi lan luot 13: 0, 0,0, 1, 1,2, 2,2, 2, 3.
Khi do:

04+0+40+1+1424242+42+3 13
N 10 10

E[X] 1.3

Tic 13 tudi trung binh (expected value) 1a 1.3.
Ta c6 thé xem day 1a mot trung binh c6 trong s, trong d6:

* C63em0tudi—> P(X =0) = 3
« Cé2em 1 tudi—P(X =1)= 2



. C(’)4em2tu6i—>P(X:2):14—0
. C(’)lem3tu6i—>P(X:3):%

Tu do: 3 5 A )
EX|=0-—+4+1-—+2-— -— =1.
[X1=0 10+ 10+ 10—'_3 10 3

Vi du thye té:

* Vidu 1 - Dat cwge $5 vao mat ngira: Néu ban dit cuge $5 vao mit ngulra, Xac sudt théng 1la0.5 — gid tri
ky vong s& quyét dinh ban nén cugc bao nhiéu dé khong 16 vé lau dai.

* Vidu 2 — Tung 3 ddng xu: M&i mit ngira ban dugc 1— s tién trung binh mong doi sau 3 1an tung la:

1 3 3 1
E[X]=0-g+1-2+2 243 2 =15

Vi gia tri ki vong 12 trung binh trong so ciia phan phoi xic suit, ta c6 thé thay:
« V6i bién roi rac: gia tri ky vong 1a diém can bang cia PMF

« Véi bién lién tuc: gi tri ky vong la diém can bang cua PDF, tinh bang tich phén:

E[X] = /00 x- fx(z)dx

—00

Vi du lién tuc: Ban thu thap thoi gian cho xe buyt sudt nhiéu ndm va no ¢ phéan phéi déu (uniform) tir 0 dén
60 phut. Khi do, trung binh [uén & chinh gitia:

Expected Value Probability
| Waiting Time |
15 min
32 min
58 min

1 min .

47 min ‘ Time
14 min
37 min Q

u 8 min

Average = 30

- 29 min - = = -2 m_l- —————————————
. 55 min -

Hinh 7: Vi du Mean trong phan phdi dong déu

a+b 0+60

EXl == 2

30

Hiéu nham pho bién:

10



Nhiéu ngudi cho rang Expected Value 1a diém & giita biéu d6 nhung né khong phai liic nao ciing ding. Néu
dit liéu bi 1€ch do mot gia tri ngoai 1é (outlier nhu Kkét qua co6 kha nang xay ra cao hon moi Kkét qua khac, diém cua
1 hoc sinh gioi trong 1 16p kém kéo diém trung binh ctia ca 16p 1én), diém can bang s& bi kéo léch. Trong khi d6,
gia tri & giita that sy 1a Median — ta s& tim hiéu & phan tiép theo.

Ghi nhé nhanh:
« Expected Value 1a gid tri trung binh mong doi ciia mot bién ngiu nhién.
« Véibiénroirac: E[X] =Yz - P(X = 2)
* Véibién lién tuc: E[X] = [z - fx(x)dx
« Expected Value 14 diém can bing cta phan phdi xac suit.

» (ia tri nay co thé bi anh hudng manh bédi outlier (gia tri di biét).

4.2 Median

Khi Mean cé thé danh lira:

Mic di Mean (gia tri trung binh) gitip mé ta xu hudng trung tim cta dir liéu, nhung trong mét sb trudng hop,
n6 c6 thé khong phan anh chinh xéac “gia tri dién hinh”— dic biét 1a khi xuat hién Outlier (gia tri ngoai 1¢). Vi
du nhu khi lwvong ctia 1 nguoi cyc ki cao 1am nghién cén can mirc lvong trung binh ctia tit ca hoc sinh tét nghiép
& truong dai hoc cao hon. Day 1a khi xac sudt c6 thé lira doi.

Graduates ,

-

%

Hinh 8: Gia tri trung binh bi anh huéng manh bdi mét phﬁn tr qua 16n

Outlier 1am 1&ch toan bo dix liéu va khién Mean tré nén sai 1éch.

Liic nay, Median la Ira chon tot hon: Sap xép toan bo dir liéu theo thtr ty ting dan, rdi chon ra gia tri &
gitra. Day 1a Median — trung vi, dai dién cho gi tri ”0 gitta”tap dit liéu (néu tap dit liéu chan s& lay trung binh
cua 2 trung vi). Trong vi du trén, minh sap x€p tirng nguoi vai mac luong tur thap dén cao roi chon trung diém
lam Median.

11



Graduates ,

Median Salary

EEEEnm 2 TEREEN

Hinh 9: Lay Median tir tap dit liéu sau khi sip xép

Pinh nghia: Median 14 gia tri trung vi trong mot tap dit lidu dd duoc sap xép.

Cach tinh Median:

* Véi tap dir liéu 1é (vi du c6 5 phan tir): Median 1a gia tri ¢ vi tri 25

* Véi tap dit liéu chin (vi du c6 6 phan tir): Median 14 trung binh ctia 2 phan tir & giita vi chiung déu 1a trung

diém:
S(5)+S8(5+1)
2

Median =

Vi du thém:

Xét tap dir liéu: 1, 2, 3, 4, 100

* Mean: (1+ 2+ 3+ 4+ 100)/5 = 22 — bi anh hudng manh bai outlier.
« Median: gia tri & giita 1a 3 — thé hién gia tri dién hinh hon.

Mode — Gia tri phé bién nhat:

Ngoai Mean va Median, con mot khai niém khac goi 1a Mode — 14 gi tri xuat hién nhiéu nhét trong tap dir
lidu.

Probability

/— Mode/—- Mode /,—- Mode

Time

Hinh 10: M6t phéan phdi c¢6 thé c6 nhiéu Mode (da dinh)
* Mode phu hop dé mo ta trung tam dir liéu khi cac gia tri roi vao cac cum ro rét.

« Trong phan phéi nhi thirc hodc cac truong hop roi rac khac, Mode 1a gia tri co xac suat cao nht.

12



Tong két sw khac nhau giira Mean — Median — Mode:

Mean, Median and Mode in Binomial Distribution

Mean=1.5

n=5 «
p=03 Median = 1

03601/ Mode = 1

0.3087
0.16807 0.1323
0.02835
0.00243
k: 0 1 2 3 4 5

Hinh 11: So sanh Mean, Median va Mode trong c4c trudng hop phan phbi khac nhau

+ Mean: diém can bang trung tim — bi anh hudng boi outlier.
* Median: gia tri ¢ gilta — phu hop khi dit liéu 1éch (skewed).
+ Mode: gié tri xuat hién phd bién nhat — phi hop khi ¢6 nhiéu cum dir liéu.

« Trong Uniform Distribution vi dit liéu va gi4 tri phan ph6i dong déu nén Mean, Median s& ¢ ciing 1 diém.

Phin 5 Mé rong: Gia tri ky vong ciia 1 ham s6 va Tong ciia ky vong

Pay 1a phan quan trong dé ta c6 thé hiéu dugc cong thirc clia Variance.

5.1 Gia tri ky vong ciia mot Ham so (Expected Value of a Function)

Khi nio cin ky vong ciia mdt ham s6? Sau khi hiéu cach tinh ky vong (Expected Value) ctia bién ngau nhién
X, cau hoi dat ra la: Piéu gi sé xdy ra néu ta khong chi quan tam den gia tri X, ma quan tdm dén mot ham cua
X nhu X2, X3, hay g(X) bat ky?

Y tuwdng truc quan:
* V&i mdi gia tri ; xay ra véi xac suat p(z;), ky vong E[X] dugc tinh bang tong z; - p(x;).
+ Néu ban mudn tinh ky vong ctia X2, chi can thay thé z; bang x?, tic AE[X?] = x? - p(x;).

« Tong quat: Néu ban mudn tinh ky vong ctia mot ham g(X), thi:

Elg(X)] = g(x:) - pla:)

13



Expected Value of a Function

Probability X3, p(x3)
X, plx;)

-x'h p(XZJ
X4, P(Xy)

E[X] = x,p(x)) +x, p(x5) +x3p(x3)+ x4 p(x4)

El 1= plx))H+ plx)H px3)+ p(xy)

Hinh 12: So sanh cong thirc ky vong va cong thuce ky vong ctiia mdt ham g(X)

Vi du 1: Ky vong ciia X2 — Tro choi xiic xic
* Tung mot vién xuc xéc, néu ra mit x, ban nhan phﬁn thudng la x? do.
« Hoi: Ban nén tra dé choi tro nay?
Tinh ky vong:
12422432442 +52+6% 91

E[X?] = = ~15.17
[X7] 5 5

— Trung binh ban nhén duoc khoang 15.17 d6 — khong nén tra nhiéu hon sé tién nay dé choi.

Vi du 2: Két hop ham tuyén tinh — g(z) =22 — 5

« Tung xtc xic va nhan phan thuong gp doi gia tri (2z), nhung phai tra phi 5 d6 dé tham gia.

+ Loi nhuan thyc sy mdi lwot 1 g(x) = 22 — 5

Expectation of Linear Function

Probability:  1/6 1/6 1/6 1/6 1/6 1/6

Roll: 1 2 3 4 5 6

AN AN PR W R & R W

Double: 2 4 6 8 10 12
Wins 2-5 4-5 6-5 8-5 10-5 12-5

Hinh 13: Gia tri loi nhuan: g(z) = 2z — 5

14

v



Tinh ky vong:
’ Elg(X)] =E[2X —5]=2-E[X] -5

14+24+3+4+5+6
- ; -

— Trung binh ban 16i duoc 2 &6 méi luot.

Vi E[X] 35=E[g(X)]=2-35-5=2

Tinh chit quan trong: Expected Value 1 toan tir tuyén tinh

ElaX +bl=a-E[X]+b
Elg1(X) + g2(X)] = E[g1(X)] + E[g2(X)]
Du ham g(x) la tuyén tinh hay khéng, cong thirc van dp dung dwoc.

Ghi nhé nhanh:
« Chi can thay z bang g(x) trong cong thirc ky vong.
« Expected Value c6 tinh tuyén tinh: E[aX + b] = a - E[X] + b.
* E[const] = const.

« C6 thé dung dé tinh cac dai luong nhu E[X 2], E[|X|], E[v/X], v.v.

A

5.2 Tong ky vong — Sum of Expectations
Vi du 1: Tung mot ddng xu va mot xiic xac:
« Néu ra ngtra: thing 1 do

» Sau d6 tung xuc xac va nhan ding so tién bang mat xtic xac

You play a game:
Flip a coin. If heads you win $ 1, else you win nothing.
Then roll a die. You win the amount you roll.

Win $1 Win $1 $2 $3 %4 $5

Win nothing de Nl N el Nl

What are your expected winnings for the game?

Hinh 14: Téng ky vong tir 2 hanh dong doc lap

E[X] = IE[X’coin] + E[Xdice] =05+35=14
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Két luin:
E[X +Y]=E[X]|+E[Y]

Vi du 2: Bao nhiéu nguwoi dwgce gan dung tén?
Ban c6 1 tli chira cdc tén ngiu nhién cuia 8 ty ngudi. Néu ban rat ngau nhién mot to tir tii va mdi ngudi chi nhan
dung 1 tén, trung binh c6 bao nhi€u nguodi chon ra dung tén cia minh ?

Theo truc gidc, ban sé nghi la xic suit rat thip nhung sy that sé c6 it nhat 1 nguwoi duoc chon dung tén,
vi x4c suat la 1/8 ty. B¢ hiéu ro hon, minh s€ lay vi du truc quan véi 3 nguoi: Aisha, Beto va Cameron thay vi 8
ty nguoi.

C6 tat ca 3! = 6 hoan vi dé phan phdi tén cho 3 ngudi. (i.e. cac truong hop co thé xay ra khi Iy 1an luot timg
tén ra khoi thi).

Average

Sum of Expectations | ",

0
0
—M

Hinh 15: S6 1an gan dung tén trong timg hoén vi

Tong sb luot ding: 3 +1 + 14 0+ 0 + 1 = 6 Trung binh sau 6 hoan vi: 6/6 = 1
— Vi 3 nguoi, so nguoi nhan dung tén trung binh 1a 1. Vay con 8 ty nguoi?

Sir dung Sum of Expectations dé tdng quat:
Goi bién ng'?lu nhién M; 1a 1 néu nguoi thtr ¢ nhén dang tén minh, va 0 néu sai.
Xac suat dé nguoi ¢ nhan ding tén: P(M; = 1) = =

IE‘:[]\/[Z']=1-E—1—0-(1—1)=l
n n

Tong s6 nguoi dugce gan dung tén la:

M = ZIM=>]EM] ZIE = % 1

Pon gian vi tong ctia 8 ty 1an 1/8 ty = 1 — Khong phu thudc vao n, ky vong ludn bing 1!
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Ghi nh¢ nhanh:
« D ¢6 5, 500 hay 8 ty nguoi, sé ngudi trung binh duge gan dung tén 1a 1.
« Pay la minh chimg truc quan cho tinh chit cdng tuyén tinh ciia ky vong:

E[X1 4+ X + ...+ Xpo] = E[X1] + E[X3] + ... + E[X;)]

« Tinh chat nay ding ké ca khi cac bién khong doc 1ap, thudong dugc timg dung trong xac sut td hop.

Phin 6: Variance — Phuwong sai

6.1 Dong luc: Pé miéu ta dir liéu, ky vong théi 1a chwa di

Ky vong rét hitu ich trong viéc tom tit phan phéi. Tuy nhién, ky vong khong phan anh day dii toan bo dic trung
ctia phan phdi. Vi du, ta ¢6 thé co hai trd choi (hay hai bién ngéu nhién) c6 ciing ky vong bang 0, nhung mét tro
chi dao dong tir —1 dén 41, con trd kia dao dong tir —100 dén +100.

Ca hai tro déu “can bang”tai gia tri 0, nhung 13 rang dd bién dong (spread) ciia chung 1a rat khac nhau. Sy
khéc biét nay duoc do boi mot khai ni¢ém méi: Phwong sai (variance).

6.2 Vidu: So sanh hai tro choi
Game 1: Gieo dong xu, néu ra mit ngira thi thing $1, néu ra mit sip thi thua $1. = Xéc suat 5050, ky vong la:
E[X;]=05-(-1)405-1=0
Game 2: Gieo dong xu, néu ra mt ngira thi thing $100, néu ra mat sp thi thua $100. Ky vong van la:
E[X5] =0.5-(—100) + 0.5 - 100 = 0

Ket lugn: Hai tro choi c¢6 cung ky vong, nhung tro thur hai cé6 mirc d¢ rii ro cao hon 10 rang.

6.3 Ta cin do dj “lan réng” ciia phan phdi

Gia st ta do sai léch (deviation) cua timg két qua so v6i ky vong. V&i Game 1: ta ¢ céc sai 1éch 1a +1 va —1
V&1 Game 2: ta ¢6 cac sai 1éch 1a +100 va —100.
Néu ta lay trung binh cac sai léch nay:

14 (-1 .
+;) =0 (ludn ludn bang 0)

Diéu nay khong hiru ich. Cac sai 1éch 4m va duong triét tiéu nhau. Mot huéng khac 1a ding gia tri tuyét dbi
(absolute deviation), nhung phuong phap nay khong tién vé mat toan hoc.

Giai phap t6i wu: Ta ding binh phwong sai 1éch — ttc 1a 1y (x — 1)2, nho d6 moi gia tri déu duong va dé
xu ly toan hoc.
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6.4 Rut cong gon thirc phwong sai tir ky vong
Cong thirc dinh nghia phuong sai ctia mot bién ngau nhién X véi ky vong 1 = E[X] la:
Var(X) = E[(X — E[X])?]
Ta s& ching minh rang cong thirc trén twong duong vai:
Var(X) = E[X?] — (E[X])?
Budc 1: Khai trién binh phwong trong ky vong
Var(X) = E [(X — p)?] = E [X? — 2uX + 1i°]

Buérc 2: Tinh ky vong tirng thanh phan
Do tinh chét tuyén tinh cua ky vong:

E[X? — 2uX + 4?] = E[X?] — 2uE[X] 4+ E[1?]

Budc 3: Riit gon
Vi u = E[X] 14 hing sb nén:

E[X?) = 2p- p+ p? = B[X?) = 2p° + i = E[X?] — pi?

Do do:
Var(X) = E[X?] - (E[X])?

Két ludn: hai cong thirc 14 twong dwong va thuong trong thyc hanh, ta sir dung cong thirc rit gon E[X?] —
(E[X])? vi dé tinh toan hon.
6.5 Cong thirc phwong sai
Cho bién ngiu nhién X véi ky vong 1 = E[X], phuong sai dugc dinh nghia la:
Var(X) = E[X?] - (E[X])*
Céc budc dé tinh phuong sai:
1. Tinh ky vong p
2. Tinh sai léch: (z — u) cho timg gia tri
3. Binh phuong sai léch: (z — u)?
4. Lay ky vong ctia binh phuong sai léch
Vi du:
* Game 1: cac sai l¢ch 1a +1 va —1, binh phuong l1a 1 va 1, trung binh la 1.
* Game 2: cac sai Iéch 1a +100 va —100, binh phuong la 10,000 va 10,000, trung binh 1a 10,000.

Toém lai: Game 2 c6 mirc d§ bién dong cao hon rat nhicu.
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6.6 Thudc tinh ctiia phwong sai
Mot thudce tinh cuc ky quan trong cua phuong sai la:
Var(aX 4 b) = a® - Var(X)
+ Cong thém hang s6 b khong lam thay doi phuong sai.

+ Nhung nhan véi hing s6 a thi lam phuong sai ting theo a2.

Vi du:
: " 4 s .
Properties of the Variance Var{aX i b)|= a”Var(X)
Variance: "Average squared deviation”
Dice roll is random variable: X E[X]1=35
al [l l 1 1 [ 1 I l L_l_‘l_l_'_.
LI B B B B B B B
-$5 $0 $5
Net winnings is random variable: ¥ = 2X — § E[¥]=2
Var(¥) = Var(2X — 5) = 4Var(X) i . 2
16 r T
———f — ! t 1
55 $0 $5

Hinh 16: Tong ky vong tir 2 hanh dong doc lap

Néu bién X c6 phuong sai 1a 2 thi bién Y = 3X + 5 s& c6 phuong sai 1a 3% - 2 = 18
bicu nay rat quan trong khi ban bién d6i dit liéu: nhan dir liéu véi mot so s€ thay d6i mire @6 phan tan (spread),
con cong thi chi lam di lidu “doi vi tri” chir khong thay di phuong sai.

Tém tit :
« Expected value khong noi hét phan phdi — can do d6 phan tan.
* Variance la ky vong cia binh phuong sai l1éch.
« Cong thic: Var(X) = E[(X — E[X])?] = E[X?] — (E[X])?
* Var(aX +b) = a® - Var(X)
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Phan 7: Standard Deviation

Phuong sai (variance) 1a mot cach rat hiru ich dé do muc do phan tan ciia mot phan phdi. Tuy nhién, né co6 mot
nhugc diém nho: don vi do khong giong véi don vi dir liéu goc.
Hay xem xét vi du v€ chiéu cao clia nguoi:

+ Chiéu cao do bang mét (1m) - X s& ding m
« Ky vong (trung binh) ciing c6 don vi 1a mét - E[X?] va E[X]? s& ding m? vi X 14 hing s6
+ Nhung phuong sai lai c6 don vi 1a mét binh phuong (m?) - Var(X) ciing s& dung m?

Diéu nay khién phuong sai trd nén khé tryc quan hod, vi mét vudng thuong dung dé do dién tich chir khong
phai chiéu cao.

Giai phap: Dé 1am cho don vi tré nén “dung dan” va dé hiéu hon, ta 1y ciin bac hai ciia phwong sai. Két qua
nhan dugc goi 1a d§ 1éch chuan (standard deviation).

Dinh nghia:

o = \/Var(X) = VE[(X — 1)?]
Trong do:

« o: d0 léch chuin
+ w: ky vong cia X (tuc 1a E[X])

» X: bién ngau nhién

Vi du: Gia st ta c6 tap dir liéu chiéu cao cta 3 ngudi: 160cm, 170cm, 180cm.
¢ Trung binh: (160 + 170 + 180)/3 = 170 cm

.. (160—170)24(170—170)2+(180—170)2 =
« Phuong sai: { ) . ) = 100404100 — 66.6 cm?

« Do léch chuin: V66.6 ~ 8.16 cm

Nhu vay, d¢ 1éch chuan gitp ta mo6 ta d6 phan tan cua chiéu cao v6i cung don vi la cm — dé hiéu hon nhiéu so
véi don vi cm? ciia phuong sai.

Do 1éch chuan la can bac hai ciia phwong sai. N6 do d0 phan tan cua dit liéu cung don vi véi dit liéu
goc.

Tém tit:
« Expected value khong noi 1én hét cau chuyén vé phan phdi — can do d6 phén tan.
* Cong thuc: Var(X) = E[(X — E[X])?] = E[X?] — (E[X])?

» Standard deviation: o = /Var(X) — c¢6 cung don vi vdi X
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Phan 8: Ung dung ciia Mean, Median, Variance

8.1 Ung dung ciia Mean
Trudce khi n6i dén tmg dung, ta cin hiéu rd sy khac biét gitra Mean va Expected Value (gia tri ky vong).
* Mean la gia tri trung binh thu dugc tir dir li€u thuc té ma minh da thu duoc.
« Expected Value I3 gia tri trung binh theo ta mong doi khi thu thap bat ki dit liéu nao (i.e. trudc khi thu thap
dit liéu)

Vi du: Gia sir ban tung mdt con xtc xéc déu: - Cac gia tri co thé xdyra: 1,2,3,4,5,6 - Xac suét mdi gia tri:
o1
Gia tri ky vong:

6
1 21
IE[X]:Zz?g:E:Bb
=1

Tuy nhién, néu ban tung xuc xac 10 1an va thu dugc két qua: 2,4, 6, 1,5, 5, 3, 2, 6, 3 — Gia tri Mean thyc té

la:
: 24 446+1+5+5+3+2+6+3

10
— Mean la quan sat thye té, Expected Value 13 trung binh theo 1y thuyét.

3.7

i’:

Phin 8: Ung dung ciia Mean, Median, Variance

9.1 ITng dung cia Mean

Trude khi néi dén tng dung, ta can hiéu rd sy khac biét giita Mean va Expected Value (gia tri ky vong).
e Mean la gia tri trung binh thu dugc tir dir li€u thuc t& ma minh da thu duoc.

« Expected Value I3 gia trj trung binh theo ta mong doi khi thu thap bat ki dit liéu nao (i.e. trude khi thu thap
di ligu)

Vi du:

Gia str ban tung mot con xuc xdc déu:
Céc gia tri c6 thé xayra: 1,2, 3,4, 5,6
Xac suat moi gia tri: P(X=x)=61

Gia tri ky vong:

6
1 21
E[X]:Zi-gzgzzm
=1

Tuy nhién, néu ban tung xtc xic 10 lan va thu dugc két qua:
2,4,6,1,5,5,3,2,6,3
— Gié tri Mean thuyc té 1a:

2+4—|—6—|—1+5+5+3+2+6+3_
10 N

3.7

j =
— Mean la quan sat thye té, Expected Value 13 trung binh Iy thuyét.
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9.1.1 Ung dung trong xir Iy anh: Lam m¢ (Blurring) khudn mit

Mean lam md anh bang cach lay gia tri trung binh cua cac pixel xung quanh mét diém anh c6 dang 1 ma tran
vudng n X n va gan gia tri trung binh dé cho diém anh trung tam. D¢ bat dau, ta can thuc hién cac budce sau:

1.
2.

Poc anh: Sir dung cv2.imread() dé tai anh tir dudng din. Anh duoc doc dudi dinh dang BGR.

Chuyén déi sang RGB: Dé hién thi dang mau sic véi matplotlib.pyplot.imshow(), anh BGR dugc chuyén
dbi sang RGB bang cv2.cvtColor().

. Xdac dinh vaing quan tAm (ROI): Dya trén toa do (x, y, w, h) ctia khudn mit, chung ta cit ra mot ving hinh

chir nhat (Region of Interest - ROI) chira khuén mat.

. Ap dung bd loc trung binh: Ham cv2.blur(face roi, kernel size) dugc sir dung dé ap dung bo loc trung

binh 1&€n vung face roi.

 face roi: Vung anh chira khuén mat.

+ kernel size: Kich thudc ciia hat nhan lam mo. Mot kernel _size=(35, 35) nghia 1a mdi pixel mai s& 1a
gia tri trung binh cua 35x35 pixel xung quanh no. Kich thudc kernel cang 16n, anh cang mo.

. Ghép lai anh: Ving khudn mit di dugc 1am mo (blurred face roi) dwoc dit tré lai vi tri ban dau trong anh

output_image.

. Hién thi Kkét qua: matplotlib dugc stir dung dé hién thj anh géc va anh da 1am mo khuon mit canh nhau dé

so sanh.

]
2
|
-
X

Hinh 17: Minh hoa hinh 4nh dau
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import cv2
import numpy as np
import matplotlib.pyplot as plt

def blur_face_with_mean(image_path, face_coords, kernel_size=(35, 35)):ra
nnn

Lam md khudén mdt trong &nh s& dung bdé loc trung binh.

Args:
image_path (str): Dudng din dén &nh.
face_coords (tuple): Toa 43 (x, y, w, h) clia khudn mit cdn lam m3.
kernel_size (tuple): Kich thudc ctia kernel (vi du: (35, 35)) dé lam md.

Returns:

numpy .ndarray: Anh sau khi lam m& khuén mat.

# Doc 4anh

image = cv2.imread(image_path)

if image is None:
print (f"Khéng thé doc &nh tit dudng din: {image_path}")
return None

# Chuyén ddi BGR sang RGB @& hién thi vdi matplotlib
image_rgb = cv2.cvtColor(image, cv2.COLOR_BGR2RGB)

# Tao mét ban sao ca &nh dé x@ 1§
output_image = image.copy()

# Liy toa 45 khudén mit
X, ¥y, w, h = face_coords

# Cit vung khudn mit
face_roi = output_imagel[y:y+h, x:x+w]

# Ap dung bd loc trung binh (mean filter) 1&n ving khudn mit
# cv2.blur() 1a mét ham thuc hién bd loc trung binh

blurred_face_roi = cv2.blur(face_roi, kernel_size)

# D3t ving khudn mit d& lam m3d trd lai &nh gbc
output_image[y:y+h, x:x+w] = blurred_face_roi

# Chuyén ddi BGR sang RGB cho &nh d&u ra dé hién thi
output_image_rgb = cv2.cvtColor(output_image, cv2.COLOR_BGR2RGB)

return image_rgb, output_image_rgb
original_img_rgb, blurred_img_rgb = blur_face_with_mean('image_e99a88.png', face_coordinates, !

if original_img_rgb is not None and blurred_img_rgb is not None:
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plt.figure(figsize=(12, 6))

plt.subplot(1l, 2, 1)
plt.imshow(original_img_rgb)
plt.title('Anh Géc')
plt.axis('off')

plt.subplot(1l, 2, 2)

plt.imshow(blurred_img_rgb)

plt.title('ﬁnh sau khi 1adm m3 khudn mit b3ng Mean Filter')
plt.axis('off')

plt.show()

9.2 Ung dung ciia Median

Tinh chét diic biét ciia Median: Median it bi anh hudng béi cac outliers gitp khién Median tré nén 1y tuong dé
khir nhiéu tring den bat thuong trong anh khi né c6 thé gitip minh Iya chon gi trj trung binh duya trén tan xuat
xuat hién ctia cac diém mau trong anh.

« Gia sir c6 mot diém anh trong ving 3 x 3 ¢6 gia tri rat 1on (nhiéu tring 255) hodc rit nho (nhiéu den 0).
« Néu dung trung binh cong (mean), gi4 tri nhiéu nay s& anh huong dén két qua.
+ Nhung néu ding median — 14 gia tri & giita sau khi sap xép — thi gia tri nhidu nam ¢ dau/cudi danh sach

nén s€ bi bo qua.

Vi du minh hoa:
Gia st ta c6 ving anh nho gém 9 diém anh cé gia tri d6 sang nhu sau:
120,122,123, 255], 124, 121, 123, 122, 120]

Sau khi sip xép:
120,120, 121,122, 122,123, 123,124,255

Median ctia ving nay 1a 122, trong khi gi tri nhiu 255 bi loai bé khéi trung tam. Nho d6, anh sau khi xir ly
median filter trd nén mugt ma hon va loai bo dugc nhidu dot ngopt. Cac budce xir y anh st dung Median nhu sau,
v6i ¥ tuong 1a luét 1 kernel c6 dang ma tran vudng tir dau dén cudi anh, vi mdi kernel tinh Median va thay thé
moi gia tri trong kernel d6 bang Median.

Thuat toan khir nhiéu: Tao kernel ma tran vudng n x n ludt tir trai sang phai, trén xuéng dudi. Cho mdi lan
di chuyén.

1. Tinh Median cua kernel do

2. Thay thé Median cho moi gia tri trong kernel do.
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Median

Image Denoising

(3x3) kernel

(3%5) kernel

Input Image

Hinh 18: Minh hoa anh gbc va anh da khir nhidu bang Median Filter.

def startdenoise_image_with_median(image_path, kernel_size=5):
nnn

Kh nhidu &nh s@ dung bd loc trung vi.

Args:
image_path (str): Dudng din dén &nh.
kernel_size (int): Kich thudc cta kernel (phdi 13 sb 1&, vi du: 3, 5, 7).

Returns:
tuple: (4nh gbéc RGB, 4nh & khi# nhidu RGB) hodc None néu 138i.
nnn
# Doc anh
image_bgr = cv2.imread(image_path)
if image_bgr is None:
print (f"Khoéng thé doc 4nh tit dudng din: {image_path}")
return None

# Chuyén ddi BGR sang RGB dé hién thi &nh gbc
original_image_rgb = cv2.cvtColor(image_bgr, cv2.COLOR_BGR2RGB)

# Ap dung bd loc trung vi
# cv2.medianBlur hoat ddng truc tiép trén anh BGR hodc grayscale

denoised_image_bgr = cv2.medianBlur(image_bgr, kernel_size)

# Chuydn &nh d& kh& nhidu v& RGB d& hién thi
denoised_image_rgb = cv2.cvtColor(denoised_image_bgr, cv2.COLOR_BGR2RGB)
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return original_image_rgb, denoised_image_rgb
original_img_rgb, denoised_img_rgb = denoise_image_with_median('image.png', kernel_size=3)

plt.subplot(1l, 2, 1)
plt.imshow(original_img_rgb)

plt.title('Anh Géc (hoic &nh 44 c6 nhidu)')
plt.axis('off')

plt.subplot(1l, 2, 2)

plt.imshow(denoised_img_rgb)

plt.title(f'Anh d& khi nhidu bing Median Filter (kernel={5})')
plt.axis('off")

plt.show()

9.3 Ung dung ciia Variance trong Phat hién Canh (Edge Detection)

Y twéng chinh: Trong xir Iy anh, khi xét mot viing nho (patch hoic kernel) quanh mét diém anh, néu gié trj pixel
trong viing nay thay déi nhiéu (c6 d6 twong phan cao), thi phuwong sai va d6 1éch chudn s& 16n. Nguoc lai, néu cac
pixel 13 z; c6 gia tri gan nhau (viing phang), thi phuong sai s& nho. Do do:

1 n o 1 n
Std(X) = y/Var(X) Var(X) = - Z;(:rl —I)? véiz = - Z;xl
+ Nhiing ving c6 phwong sai cao thuong 1a cac canh, ria, hodc ving c6 texture (chi tiét).

« Nhimng ving c6 phwong sai thap thuong 1a nén min, ving tron hoic it chi tiét.

Pay chinh 14 co s& toan hoc dé phat hién bién trong anh bang cach tinh phuong sai cuc bo.
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Tinh standard deviation

Anh gic Anh thing tin texture

- C g qn . uan sit mot mang cdc gia tri pixel.
Ving co dit hiéu phan Q : g = ‘P
201 tan cuc bo thap, —. 160
/"'_““\‘ / = 140
i Gia tri std 16n
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0 T,y | Giatristd nho
0 100 200 00— 500 0 100 200 300 400 500

Cac pixel Cac pixel

Hinh 19: Tinh phuong sai cuc bd (local variance) dé phat hién bién trong anh.

¢+ Implementation

Hinh 20: So sanh mit phang 3D cia hai ving anh: viing tron (phuong sai thip) va ving c6 chi tiét (phuong sai
cao).

Gidi thich quy trinh:
1. Anh mau dugc chuyén thanh anh xam dé don gian hoa xur 1y.
2. Mbi diém anh s& dugc xét trong mot 1an can (kernel) c6 kich thude ¢b dinh (vi du: 7 x 7).

3. Tinh phuong sai ciia gia tri pixel trong ving 1an c4n nay bing ham np . std (trong Python, standard deviation
binh phuong chinh 1a variance).
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4. Két qua la mot ban do thé hién d6 bién thién cudng d cla tirng ving trong dnh. Vung nao c6 gié tri variance
cao s€ la ving bién hodc chira nhiéu texture.

5. Ta c6 thé ngudng hoa dé lam ndi bat cac ving c6 do thay doi 16n.
Code minh hoa:

import numpy as np
import cv2
from scipy.ndimage.filters import generic_filter

img = cv2.imread('img.jpg"')
gray = cv2.cvtColor(img, cv2.COLOR_BGR2GRAY)

x = gray.astype('float')
# Tinh standard deviation trong mdi ving 7x7
x_filter = generic_filter(x, np.std, size=7)

# Loc bd ving cé gia tri std thip (ngudng 20)
x_filter[x_filter < 20] = 0

# Phong dai d6 tuong phadn dé hién thi rd bién
x_filter = x_filter * 2.5
cv2.imwrite('edge_output.jpg', x_filter)

Tir tng dung trén ta nhan thiy:

« Nho vao viée sir dung phuong sai, thudt toan co thé phat hién cac ving bién rd nét trong anh ma
khong can tdi cac toan tir chuyén xir Iy anh nhu Sobel hay Canny.

* C6 thé ap dung tiép ngudng (thresholding) hodc 1am nét anh tir ban dd phuong sai nay.

Phan 9: Histogram va ng dung ciia né

10.1 Histogram la gi?

Histogram 12 biéu d6 thé hién tan suat xuat hién trong anh, gia tri ciia mau thuong trai tir 0 dén 255 cho mdi kénh
mau. Can bang Histogram gitp tan s0 mau dong déu, gitp ngudi xem nhin rd hon va hinh dnh rd nét hon.
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Hinh 21: Histogram cuia anh trong diéu kién sang khac nhau

Mo ta:
+ Tryc hoanh: Cac mirc xam tir 0 dén 255. Gia tri ciia dai mau trén truc hoanh goi 1a bins, thong thuong bins
s€ c6 256 gia tri.

* Truc tung: SO lan xuat hién twong ng clia mirc xam do6 trong toan anh.

10.2  Ung dung: Ting d9 twong phan bing Histogram Equalization
Histogram Equalization 12 mét k thuat ding dé nang cao d twong phan ciia anh. Y tuéng chinh la:
Kéo phén bé ciia histogram sao cho gan xdp xi véi phdn bé déu (uniform distribution).

Viéc kéo histogram vé gan phan bd déu giup tdn dung toan bo dai mau thay vi cho dai mau cua anh ty lai 1
bén khién anh sang/t6i nhi€u hon, nhd dé anh sang 16 hon va tang d6 twong phan.

Purge diing dé tang d twong phan ciia Anh Floor =| 2 | x m
Idea: Kéo phén bo ciia density histogram sao cho xap xi véi uniform distribution. o

Ceiling =[ 2

X m,
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Cong thirc 10
| o8
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o © 00 10 20 %0
L is the number o f gray levels Uniform density function ‘Cumulative density function
trong kheing [0, 255] cho uniform distribution

Hinh 22: Y tuong ting do twong phan ciia anh
Chi tiét tirng bwéc giup ting d§ twong phan:
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1. Phén tich histogram ban dau: Histogram ctia anh gc thuong bi 1éch — vi du tap trung nhiéu ¢ mirc xam
thap (anh t6i) hodc mirc xam cao (anh sang choi). Diéu nay khién anh thiéu d¢ twong phan, cac chi tiét bi
mo.

2. Chuén héa histogram thanh phan bd xac suit (PDF): Mdi murc xam duoc chia cho tong sb pixel dé tro
thanh x4c suat xuat hién. Budc nay gitup chuyén doi histogram vé dang c6 thé so sanh va tinh tich liy.

3. Tinh ham phén phéi tich lily (CDF): Cong don xac suat tir mirc xam thap dén mirc xam hién tai. Gid tri
CDF sé dao dong tir 0 dén 1. DBay chinh la ham anh xa mirc xam.

4. Anh xa mirc xAm méi: Moi mirc xdm b ban dau sé dugc chuyén sang mirc mdi bpey theo cong thirc:

bnew = KL - 1) ’ H[b] + 05J

Trong do:

« L 1a s6 muc xam (thudng 13 256, trir 1 dé vé).
* Hb] 1a gi4 tri CDF tai mirc xam bin b (chuan hoa vé [0,1]).

* bpew la mirc xam mai sau khi anh xa.
Viéc nay gitip kéo cac mirc xam vé déu hon trén toan dai [0, 255].

5. Tang dd twong phan: Khi histogram ban dau bi dén vé mot phia (vi du: tdi nhiéu), viéc trai déu cac gia tri
mirc xam thong qua CDF gitip:

* Lam r0 cac chi ti€t bi an trong vung t6i hodc sang.
* M6 rong dai dong (dynamic range) cia anh.

« Anh tré nén “sdng dong”va dé xtr 1y trong cac budc nhan dang/phan tich sau do.

Phan 10 Mé rong: Cai dat Histogram sir dung numpy
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